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Zusammenfassung
In dieser Arbeit wird der mittlere Krümmungsﬂuss für in den R4 immergierte, rota-
tionssymmetrische Flächen betrachtet. Dazu sei c0 : S
1 → R3>0 eine glatte, geschlossene
Kurve im Halbraum R3>0 :=
{
y ∈ R3; y1 > 0}. Rotation der Kurve in R4 liefert eine
Immersion F0 : S
1×S1 → R4, so dass das BildM0 invariant unter allen Rotationen der
y1y4-Ebene ist:
M0 :=
{(
c1
(
x1
)
cosx2, c2
(
x1
)
, c3
(
x1
)
, c1
(
x1
)
sinx2
)
;x1, x2 ∈ S1} .
Es sei Ft die Ein-Parameter-Familie von Lösungen des mittleren Krümmungsﬂusses
zum Anfangswert F0. Da der mittlere Krümmungsﬂuss isotrop ist, ist das Verhalten
von Ft durch das Verhalten von ct = Mt ∩R3>0 unter dem gestörten mittleren Krüm-
mungsﬂuss
∂
∂t
c = H + λ, (0.1a)
c (·, 0) = c0, ct ⊂ R3>0, (0.1b)
bestimmt. Hierbei bezeichnen H den (mittleren) Krümmungsvektor der Kurve und
λ einen Störterm erster Ordnung, der durch die Rotation entsteht. Weiter sei [0, T ),
T <∞, das maximale Zeitintervall, in dem (0.1) eine glatte Lösung besitzt.
Bei der Analyse des singulären Verhaltens der Kurven c unter dem gestörten Fluss
(und damit der erzeugten Flächen M unter dem mittleren Kümmungsﬂuss) sind zwei
Fälle zu unterscheiden. Zunächst werden Singularitäten untersucht, die entfernt von der
Rotationsebene
{
y ∈ R4, y1 = 0, y4 = 0} entstehen. In diesem Fall bleibt der Störterm
λ auf dem gesamten Zeitintervall [0, T ) beschränkt und das singuläre Verhalten unter
dem gestörten Fluss ist gleich dem singulären Verhalten von Kurven unter dem mittleren
Krümmungsﬂuss. Das heißt, die Kurven werden in der Singularität eben in dem Sinne,
dass das Verhältnis von Torsion zu Krümmung verschwindet: limn→∞
|τ(pn,tn)|
|H(pn,tn)| = 0,
wobei (pn, tn) eine essentielle Blow-up Folge bezeichnet. Folglich explodiert die Torsion
in der Singularität nicht so schnell wie die Krümmung. Dies impliziert, dass nach einer
entsprechenden Reskalierung entlang einer essentiellen Blow-up Folge (pn, tn) die Kurven
entlang einer Teilfolge zu einer Familie ebener, konvexer Kurven konvergieren, die dem
mittleren Krümmungsﬂuss genügen.
Als zweites werden die Singularitäten auf der Rotationsebene betrachtet, in diesem
Fall explodiert der Störterm λ: limt→T |λ|2 =∞. Zunächst wird eine Monotonieformel
für den gestörten Fluss (0.1) bewiesen. Diese impliziert die Konvergenz der reskalierten
Kurven zu einer selbstähnlichen Lösung des gestörten Flusses c⊥∞ = −H∞− λ∞ im Fall
einer Typ-I Singularität in der sowohl die Krümmung der Kurve als auch der Störterm
explodieren.
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Abstract
In this thesis, mean curvature ﬂow of rotationally symmetric surfaces immersed in R4
is studied. Let c0 : S
1 → R3>0 be a closed immersed curve in the halfspace R3>0 :={
y ∈ R3; y1 > 0} then rotation of c0 in R4 deﬁnes an immersion F0 : S1 × S1 → R4
such that the image M0 is invariant under all rotations in the y
1y4-plane:
M0 :=
{(
c1
(
x1
)
cosx2, c2
(
x1
)
, c3
(
x1
)
, c1
(
x1
)
sinx2
)
;x1, x2 ∈ S1} .
Let Ft be the one-parameter family of immersions evolving under mean curvature
ﬂow with initial data F0 and ct := Mt ∩R4. Since the mean curvature ﬂow is isotropic,
the behaviour of Ft is totally determined by the behaviour of the generating curves ct
evolving under the perturbed mean curvature ﬂow
∂
∂t
c = H + λ, (0.1a)
c (·, 0) = c0, ct ⊂ R3>0, (0.1b)
where H is the (mean) curvature vector of the curve ct and λ is a perturbation vector
of ﬁrst order coming from the rotation. Furthermore, T <∞ denotes the maximal time
up to which a smooth solution to (0.1) exists.
When analyzing the singular behaviour of (0.1) (and therefore the singular behaviour
of the surfaces) one has to distinguish two cases. First, the singular behaviour is studied
if the singularity occurs away from the plane of rotation
{
y ∈ R4, y1 = 0, y4 = 0}, i. e. if
λ remains bounded. In this case, curves evolving under the perturbed ﬂow behave
like curves under mean curvature ﬂow in the singularity: the curves become planar in
the singularity in the sense that the ratio of the torsion and the curvature vanishes,
hence, the torsion do not blow up as fast as the curvature limn→∞
|τ(pn,tn)|
|H(pn,tn)| = 0 for an
essential blow-up sequence (pn, tn). Furthermore, it is shown that after rescaling along
an essential blow-up sequence (pn, tn) the solutions converge along a subsequence to a
family of convex, planar curves evolving under mean curvature ﬂow.
Secondly, the behaviour in a singularity on the plane of rotation, i. e. limt→T |λ|2 =
∞, is investigated. In this case, a monotonicity formula for the perturbed ﬂow (0.1)
is proved. If the occurring singularity is of type-I and if both the curvature vector
of the curve and the perturbation term λ blow up, the monotonicity formula implies
convergence of rescaled solutions to a self-similar solution of the perturbed ﬂow c⊥∞ =
−H∞ − λ∞.
AMS Subject Classification: 53C44, 53A04, 53A07.
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1. Introduction
Let Mn be a smooth manifold immersed in a Riemannian manifold (N,h) locally given
by F0 : U ⊂ Rn → F0 (U) ⊂ M0. A one-parameter family of immersions Ft : Mt → N
evolves under the mean curvature ﬂow if
∂
∂t
F = H, (1.1a)
F (·, 0) = F0, (1.1b)
where H is the mean curvature vector of Mt. Roughly speaking, the manifolds Mt
change in time by moving each point in the direction of its mean curvature vector. It
is well known (see for example [29]) that (1.1) has a solution for compact initial data
M0 at least for a small time [0, T ). The primary problem is to study the geometric
properties of Mt in terms of M0.
Geometrically, the mean curvature ﬂow is the negative gradient ﬂow of the volume
functional, i. e. moving a manifold by its mean curvature vector is the fastest way to
decrease its volume.
Furthermore, it is not hard to see, that if the initial manifold M0 is compact and the
ambient space is euclidean F0 : U → F0 (U) ⊂M0 ⊂ Rm, the maximal time of existence
is ﬁnite. The evolution equation of |F |2
∂
∂t
|F |2 = ∆¯ |F |2 − 2n
and the parabolic maximum principle imply that |F |2 + 2nt is bounded from above for
all t ∈ [0, T ) which contradicts T =∞. Here ∆¯ is the Laplace-Beltrami operator on M
and the Levi-Civita connection on M will be denoted by ∇¯ in the following.
In 1978, the mean curvature ﬂow was studied by Brakke in [14], where he developed a
general approach in arbitrary codimension via geometric measure theory and constructed
a varifold solution for all time which has not to be unique. Further investigations on
Brakke's ﬂow especially on its singular behaviour were done by Ilmanen in [42] and
White in [67].
Using parametric methods of diﬀerential geometry, mean curvature ﬂow in codimen-
sion one has been studied extensively. At the end of the 1980s, Gage and Hamilton
started analyzing the mean curvature ﬂow for closed curves in euclidean space, the so
called curve shortening ﬂow. They proved that if the initial curve is planar, embedded
and convex, the solution shrinks to a round point, i. e. after appropriate rescaling the
curves converge smoothly to a round sphere. Grayson generalized this result to embed-
ded plane curves in [31]. A diﬀerent proof of his theorem was for example also given
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by Huisken in [40] and by Andrews and Bryan in [3]. Moreover, Grayson [32] and Gage
[30] showed that an embedded curve on a surface converge to a point in ﬁnite time or
to a geodesic in inﬁnite time.
Sturmian oscillation theory for curve shortening was done by Angenent in 1991 ([7],
[8]), he also studied the singular behaviour in [9]. In recent years, mean curvature
ﬂow for curves is still a matter of interest. In 2005 for example, Angenent proved the
existence of geodesics of some prescribed topology on compact surfaces [11]. Curve
shortening ﬂow also initiated the study of generalized curve (shortening) ﬂows (see for
example [21], [35]).
Parallel to the progress in curve shortening ﬂow, the ﬁrst results for higher dimensional
manifolds evolving under mean curvature ﬂow were proved. In [36], 1984, Huisken
showed that compact convex hypersurfaces of dimension n > 2 shrink to a round point
in ﬁnite time. Even though the results for convex curves and convex hypersurfaces are
similar, the methods used to prove them are much diﬀerent. Huisken's proof uses the
Codazzi-equations which are worthless in dimension one.
Ecker and Huisken also studied noncompact hypersurfaces evolving by mean curva-
ture. In [23], they proved a maximum principle on noncompact manifolds and showed
that if the initial dataM0 is an entire Lipschitz continuous graph and and grows at most
linear, (1.1) has a smooth solution for all times. This result was generalized in [24].
Since mean curvature ﬂow for codimension one is well understood, mean curvature
ﬂow for manifolds with higher codimension attracted more interest in recent years.
Curve shortening ﬂow for space curves was already studied in 1991. Altschuler and
Grayson ([4], [5]) analyzed their singular behaviour and concluded that they become
planar in the singularity. Their work initiated further investigation of curve shortening
ﬂow for example in euclidean manifolds of arbitrary dimension (cp. [44]) and also in
higher dimensional non-euclidean manifolds (cf. [20]).
From the geometric point of view, a reason that the ﬂow in higher codimension is
much more complicated is that the normal bundle is no longer intrinsic in the sense that
there is no canonical choice of a normal frame and therefore, the investigation of the
second fundamental form become a delicate problem. One way of dealing with this is to
equip the initial submanifold with some extra structure which has to be preserved under
the mean curvature ﬂow. For example, if M0 is Lagrangian, the normal bundle can be
identiﬁed with the tangent bundle and thus, it is intrinsic. Recall that an immersion
F0 : M
n
0 → N in a Kähler manifold
(
N2nω, J, g
)
is called Lagrangian if the restriction of
the sympletic form ω to the tangent bundle of M vanishes: F ∗ω = 0. Smoczyk proved
in [54], 1996, that the mean curvature ﬂow preserves the Lagrangian condition, if the
ambient space is Kähler-Einstein. His result initiated the study of Lagrangian mean cur-
vature ﬂow. In [55], Smoczyk asked the question given a compact, oriented Lagrangian
submanifold M immersed in a Calabi-Yau manifold which closed 1-forms m can be re-
alized as the mean curvature form of another Lagrangian immersion ofM into the same
Calabi-Yau manifold. He also showed that a closed, oriented Lagrangian immersion
which ﬁrst cohomology class vanishes [H] = 0 cannot develop a type-I singularity (for
a deﬁnition cp. (1.3) below) under the mean curvature ﬂow. Further investigations on
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singularities of Lagrangian mean curvature ﬂow were done in [50], [51] and [33]. In [56],
longtime existence and convergence of Lagrangian mean curvature ﬂow in a ﬂat space
were considered. Smoczyk and Wang deﬁned a generalized Lagrangian mean curvature
ﬂow for almost Lagrangian submanifolds in almost Kähler manifolds in [58] and proved
that the ﬂow has a solution at least for small times and it preserves the Lagrangian
condition.
Wang [63] and Chen and Tian [16] proved that symplectic surfaces in Kähler-Einstein
manifolds remain symplectic under the mean curvature ﬂow. They also investigated
the singular behaviour and proved that there cannot occur a type-I singularity (Wang
[63], Chen and Li [18]). For an overview see for example [64]. Wang also analyzed
mean curvature ﬂow of graphs of maps f : Σ1 → Σ2 and proved longtime existence and
convergence under suitable curvature conditions for the manifolds Σ1, Σ2 (see [65]).
As mentioned above, a solution to the mean curvature ﬂow with compact initial
data in euclidean space only exists on a ﬁnite time interval [0, T ). Furthermore, the
norm of the second fundamental form A = ∇¯dF has to blow up in the singularity:
lim supt→T |A|2 = ∞. For analyzing the singular behaviour it is necessary to know its
blow-up rate. Huisken gave a lower bound in [38]:
max
t
|A|2 > C0
T − t (1.2)
for some constant C0. A singularity is called type-I, if there exists a constant C1 such
that
max
t
|A|2 6 C1
T − t , (1.3)
otherwise it is of type-II. One simple example for a type-I singularity is the shrinking
sphere. An example for a type-II singularity was given by Angenent in [9]: consider an
immersed curve in the euclidean plane with two loops and positive curvature, then the
smaller loop pinches oﬀ in ﬁnite time (cp. Figure 1.1.).
Figure 1.1.: Local convex curves may develop a type-II singularity
The monotonicity formula discovered by Huisken in [38] implies that each solution F
to the mean curvature ﬂow which develops a type-I singularity converge after homoth-
etical rescaling to some nonempty limiting submanifold F∞ satisfying
F⊥∞ = −H∞, (1.4)
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i. e. F∞ is a self-shrinker. Each solution F0 of (1.4) deﬁnes a solution of the mean
curvature ﬂow moving by homotheties: F (·, t) := √2 (T − t)F (·, 0) satisﬁes
(
∂
∂t
F
)⊥
= H.
So, up to tangential deformation, F is a self similar shrinking solution to (1.1) and the
classiﬁcation of type-I singularities is equivalent to the classiﬁcation of self-shrinkers.
For curves γ ⊂ R2 this was done in 1986 by Abresch and Langer [1], and their result
is valid for curves in arbitrary dimensional euclidean space, too. Huisken classiﬁed
the compact hypersurfaces of dimension n > 2 with positive scalar mean curvature as
spheres Sm (
√
m) of radius
√
m in [38]. He also studied the noncompact hypersurfaces
Mm ⊂ Rm+1 which occur as type-I singularities of compact hypersurfaces with positive
scalar mean curvature, [39]. Angenent gave examples of self-shrinkers with nonpositive
scalar curvature in [10].
In higher codimension the problem is more delicate. In 2005, Smoczyk classiﬁed
compact spherical self-shrinkers and noncompact self-shrinkers with uniformly bounded
geometry in [57]. Furthermore, Joyce, Lee and Tsui constructed many self-similar solu-
tions to the Lagrangian mean curvature ﬂow in [45].
Another ansatz to handle singularities was developed by Evans, Spruck in [27] and by
Chen, Giga, Goto in [15] independently from each other. In 1991, they deﬁned the level
set ﬂow in which the moving surface is the zero-set of a function whose level-sets are
moving by mean curvature. This approach gives weak solutions to the mean curvature
ﬂow, the so called viscosity solutions.
As mentioned above, mean curvature ﬂow in higher codimension is not well under-
stood, yet, and it is assumed that it is necessary to equip the initial manifold M0 with
extra structure to derive some results. In this thesis, the singular behaviour of rotation-
ally symmetric surfaces immersed in euclidean space will be studied.
Let c0 : S
1 → R3>0 be a closed curve in the halfspace R3>0 :=
{
y ∈ R3; y1 > 0}, then
c0 generates an immersion F0 : S
1 × [0, 2pi) → R4 such that its image M0 is invariant
under all rotations in the y1y4-plane:
M0 :=
{(
c1
(
x1
)
cosx2, c2
(
x1
)
, c3
(
x1
)
, c1
(
x1
)
sinx2
)
;x1, x2 ∈ S1} .
Rotationally symmetric hypersurfaces in euclidean space evolving under mean curva-
ture ﬂow have been studied extensively for compact initial data with boundary (e. g. [22])
and without boundary (e. g. [2], [43]). More generally, in [53] mean curvature ﬂow for
submanifolds which are invariant under the action of isometries of the ambient space
were considered. Rotationally symmetric surfaces have been investigated also under the
level set approach (e. g. [6], [59]).
Since the mean curvature ﬂow is isotropic, the behaviour of Ft is totally determined by
the behaviour of the generating curves ct evolving under the perturbed mean curvature
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ﬂow
∂
∂t
c = H + λ, (1.5a)
c (·, 0) = c0, ct ⊂ R3>0, (1.5b)
where H is the (mean) curvature vector of the curve ct and λ is a perturbation vector
of ﬁrst order coming from the rotation.
Since λ is a term of ﬁrst order, (1.5) has the same symbol as (1.1) and thus, there exists
a solution on a maximal time interval. Moreover, each solution of (1.5) leads to a solution
of (1.1) and vice versa, hence a solution of (1.5) exists as long as the corresponding
solution of (1.1) exists. In Chapter 3, the perturbed ﬂow for the generating curves will
be described in more detail, and the evolution equations for the geometric quantities of
interest will be calculated. Furthermore, some useful geometric properties for surfaces
of codimension two will be given.
One problem appearing when studying curve shortening ﬂow in higher codimension is,
that contrary to curve shortening for plane curves there is no control of the curve's cur-
vature from below. Even if initially the curvature vector H0 does not vanish, there may
occur inﬂection points H = 0 during the ﬂow. In [4] this problem is solved via some
dilation-invariant estimates which give control on the norm of the higher derivatives
from above of the curvature vector on short time intervals. Because of the perturbation
term λ in (1.5), these dilation-invariant estimates are not valid in general for the per-
turbed ﬂow. In Chapter 2, the dilation-invariant estimates will be proved for the second
fundamental form of an arbitrary dimensional manifolds evolving under mean curvature
ﬂow. Especially, these estimates are valid for the rotationally symmetric surface M .
The proof is quite technical, but since these estimates are an important basis in the
proof of the main theorems Theorem 1.1 and Theorem 1.2 below, it is given in detail.
The dilation-invariant estimates for the generated surface M will be used to get anal-
ogous estimates for the curve under the perturbed ﬂow in Chapter 4. These estimates
will give some control on the total loss of the curvature and the torsion on short intervals
of time and space. This control and a further integral estimate will be needed to study
the singular behaviour of c evolving under the perturbed ﬂow, if the singularity occurs
away from the plane of rotation
{
y ∈ R4, y1 = 0, y4 = 0}, i. e. if the perturbation vector
λ remains bounded. In this case, λ should not be important in the singularity and in
fact, it will be proved that the solutions to the perturbed ﬂow behave like solutions to
the curve shortening ﬂow studied in [4], that is: in the singularity the solution become
planar in the sense that the ratio of the torsion and the curvature vanishes, hence, the
torsion do not blow up as fast as the curvature.
Theorem 1.1. Assume that |λ|2 6 1
r20
for some r0 > 0 on [0, T ). If {(pn, tn)} is an
essential blow-up sequence, then
lim
n→∞
|τ (pn, tn)|
|H (pn, tn)| = 0. (1.6)
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After appropriate rescaling the solutions converge along a subsequence to some limit
which is an ancient solution to the mean curvature ﬂow. Furthermore, it follows from
results of Altschuler in [4] that the limit is a family of convex planar curves. As a direct
consequence, the generated surfaces converge:
Theorem 1.2. Let (pn, 0, tn) ∈ [0, 2pi)×[0, 2pi)×[0, T ) be an essential blow-up sequence.
Then there exists a subsequence of (pn, tn) along which the rescaled solutions of the
generated surfaces Mn converge in C∞ (K) to a smooth, nontrivial limit M∞, for every
compact set K ⊂ R2× (−∞, 0]. The limit M∞ is a solution to the mean curvature ﬂow
and it exists at least on the time interval (−∞, 0].
Moreover, M∞ is a cylinder in R4 generated by c∞ which is the limit of the rescaled
curves along the subsequence, especially the mean curvature vector of the two limits
M∞ and c∞ coincide H∞ = H∞. These theorems will be proved in Chapter 4, where
also the deﬁnition of essential blow-up sequence will be given.
The investigation of singularities occurring on the plane of rotation is more delicate.
In this case, a monotonicity formula for the perturbed ﬂow will be proved in Chapter 5.
If the curvature of the curve and the perturbation vector λ both blow up with the rate
of a type-I singularity, a subsequence of a sequence of rescaled solutions will converge
to a self-similar solution for the perturbed ﬂow.
Theorem 1.3. Assume that
(
C0
T−t 6
)
maxt
(
1
r2
)
6 C1T−t and
(
C2
T−t 6
)
maxt |H|2 6 C3T−t
for some C0, . . . , C3 > 0. Let p0 be a blow-up point with rp = 〈e1, p0〉 = 0 such that
there exists a point p and a sequence {tn} with
lim
n→∞ c (p, tn) = p0, limn→∞ |H (p, tn)|
2 =∞, lim
n→∞ |λ (p, tn)|
2 =∞,
i. e. the occurring singularity is of type-I and both, the curvature of the curve and the
curvature coming from the rotation, blow up. Then the rescalings c˜n = c˜ (·, tn) converge
along a subsequence to some limit c˜∞ with c˜⊥∞ = −H˜∞ − λ˜∞.
Since the study of the perturbed ﬂow is just an auxiliary means, Theorem 1.3 is
reformulated for the generated surfaces:
Corollary 1.4. Let F : S1 × S1 × [0, T )→ R4 be a rotationally symmetric solution to
the mean curvature ﬂow such that the conditions of Theorem 1.3 are satisﬁed. Then the
rescalings F˜ (·, tn) converge along a subsequence to some limit F˜∞ with F˜⊥∞ = −H.
The thesis ends with an appendix. In Chapter A, evolution equations for mean
curvature ﬂow of manifolds in arbitrary dimensional euclidean space are calculated in
more details than in Chapter 2. Details omitted in Chapter 3 can be found in Chapter B.
In Chapter C, the generalization of the results of Chapter 4 to arbitrary codimension
will be discussed. An overview of the used symbols and abbreviations is given in the
index.
There are many people who encouraged and supported me in the last years, thanks
to all of them. Especially, I would like to thank my supervisor Prof. Dr. K. Smoczyk for
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his advice and guidance and for setting the main directions of research. I am grateful to
Prof. Dr. H.-Ch. Grunau for acting as a referee. Thanks also to my colleagues from the
Institute of Diﬀerential Geometry for the good co-operation and working atmosphere. I
am thankful to Prof. Dr. J. Escher and Prof. Dr. G. Huisken for their helpful suggestions
and advices.
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2. Mean curvature ﬂow in euclidean
space
In this chapter, let Ft : M
n
t → Rm be any family of immersed compact manifolds
evolving under the mean curvature ﬂow
∂
∂t
F = H,
F (·, 0) = F0,
where H is the mean curvature vector of the manifoldMt. One problem occurring when
studying mean curvature ﬂow in higher codimension is, that there is no control on the
norm of the mean curvature vector from below. Even if initially H 6= 0, the ﬂow maybe
develop inﬂection points H = 0 during the ﬂow. In [4], dilation-invariant estimates were
proved for curves in R3 evolving under mean curvature ﬂow. These estimates yield some
control on the curvature of the curve on small intervals of time and space and ensure
that the curvature do not vanish on these intervals. In the following, these estimates
will be generalized to arbitrary dimensional manifolds. Even though the proof is quite
technical, it is given in detail because of the vital importance of the estimates when
analyzing the singular behaviour of rotationally symmetric surfaces M in Chapter 4.
Before proving the estimates, the evolution equations of the higher covariant derivatives
of the second fundamental will be given in the next section.
2.1. Evolution equations of the derivatives of the second
fundamental form
In the following, local coordinates on M are denoted by
(
xi
)
i=1,...,n
, coordinates on Rm
are denoted by (yα)α=1,...,m. Doubled latin and greek indices are summed from 1 to
n resp. from 1 to m. Let δ = δαβ dy
α ⊗ dyβ be the euclidean metric on Rm then the
coeﬃcients of the induced metric on M are g¯ij = δαβ F
α
i F
β
j with F
α
i :=
∂F
∂xi
.
The Levi-Civita connection of M is denoted by ∇¯. The canonically induced connec-
tions on the pullback of the ambient space F−1TRm or on the cotangent bundle T ∗M
of M are also denoted by ∇¯, ∆¯ is the Laplace-Beltrami operator.
The second fundamental form is deﬁned by
A := ∇¯dF =: Aαij
∂
∂yα
⊗ dxi ⊗ dxj with Aαij = Fαij − FαmΓ¯mij ,
2.1. Evolution equations of the derivatives of the second fundamental form
where Fαij :=
∂2Fα
∂xi∂xj
, and Γ¯kij denote the Christoﬀel symbols on M . The Riemannian
curvature on M is given by
R¯ (W,Z,X, Y ) = g¯
(∇¯X∇¯Y Z − ∇¯Y ∇¯XZ − ∇¯[X,Y ]Z,W )
with local expression
R¯klij = R¯
(
∂
∂xk
,
∂
∂xl
,
∂
∂xi
,
∂
∂xj
)
= g¯kn
(
∂Γ¯njl
∂xi
− ∂Γ¯
n
il
∂xj
+ Γ¯nimΓ¯
m
jl − Γ¯njmΓ¯mil
)
.
The evolution equation of the second fundamental form can be deduced using Simons'
identity (A.6), for detailed computations see Chapter A:
∂
∂t
Aαkl =∆¯Aαlk − 2g¯ijAαjmR¯mkli −AαmkR¯ml −AαlmR¯mk + 2FαmAαim∇¯iAαkl. (2.1)
Hence, the evolution equation of the norm is
∂
∂t
|A|2 = ∆¯ |A|2 − 2 ∣∣∇¯A∣∣2 − 4g¯ijAαjmR¯mkliAαkl − 4AαlmAαlkR¯mk + 4a¯ij b¯ij ,
with a¯ij = δαβAαijHβ and b¯ij = δαβ g¯klAαikAβjl. The Gauß equation (A.2) gives
∂
∂t
|A|2 =∆¯ |A|2 − 2 ∣∣∇¯A∣∣2 − 4g¯ij g¯mnAαjmAαklAβnlAβki
+ 4g¯ij g¯mnAαjmAαklAβniAβkl + 4AαimAαmjAβjnAβni. (2.2)
Comparing this equation to the evolution equation of the norm of the mean curvature
of the manifold (cp. (A.12))
∂
∂t
|H|2 = ∆ |H|2 − 2 |∇H|2 + 4a¯kla¯kl = ∆ |H|2 − 2 |∇iHα + a¯mi Fαm|2 + 2a¯ij a¯ij
illustrates why it is important to look at the second fundamental form instead of the
mean curvature vector. In the proof of the dilation-invariant estimates (Lemma 2.4
below), the right hand sight of (2.2) will be roughly estimated in terms of |A|2, whereas
the terms of the second fundamental form occurring on the right hand sight of (A.12)
cannot be estimated in terms of the mean curvature vector.
For simplicity, the following abbreviation is used: If S and T are two tensors, S ∗ T
denotes any linear combination of tensors formed by contraction on Si,...,jTk...,l using
the metric g¯ik.
Lemma 2.1. For N ∈ N0 we denote the N th iterated derivative of the the second
fundamtental form by ∇¯NA := ∇¯ . . . ∇¯A. The evolution equation of the N th derivative
∇¯NA is given by
∂
∂t
(∇¯NAα) = ∆¯ (∇¯NAα)+ ∑
I+J+K=N
∇¯IAα ∗ ∇¯JAβ ∗ ∇¯KAβ
+
∑
I+J=N+1
I6N
Fαm∇¯IAβm ∗ ∇¯JAβ. (2.3)
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Proof. For N = 0 this is (2.1). In the induction step N 7→ N + 1 the derivation in
time is interchaged with the derivation in space. Hence, terms consisting of contrac-
tions of ∇¯NAα and the time derivative of the Christoﬀel symbols occur. They can
be expressed by contractions of the second fundamental form and its ﬁrst covariant
derivative (cf. (A.9)).
∂
∂t
(∇¯N+1Aα) = ∇¯ ∂
∂t
(∇¯NAα)+ ∇¯NAα ∗ Aβ ∗ ∇¯Aβ
= ∇¯
(
∆¯∇¯NAα +
∑
I+J+K=N
∇¯IAα ∗ ∇¯JAβ ∗ ∇¯KAβ
+
∑
I+J=N+1
I6N
Fαm∇¯IAβm ∗ ∇¯JAβ
+ ∇¯NAα ∗ Aβ ∗ ∇¯Aβ
Interchanging the covariant derivatives gives curvature terms which can also be expressed
by contractions of the second fundamental form and its ﬁrst covariant derivative.
∂
∂t
(∇¯N+1Aα) =∆¯∇¯N+1Aα + ∇¯NAα ∗ ∇¯R¯+ ∇¯N+1Aα ∗ R¯
+
∑
I+J+K=N+1
∇¯IAα ∗ ∇¯JAβ ∗ ∇¯KAβ +
∑
I+J=N+2
I6N+1
Fαm∇¯IAβm ∗ ∇¯JAβ
=∆¯∇¯N+1Aα +
∑
I+J+K=N+1
∇¯IAα ∗ ∇¯JAβ ∗ ∇¯KAβ
+
∑
I+J=N+2
I6N+1
Fαm∇¯IAβm ∗ ∇¯JAβ.
The evolution equations for the norm of all higher derivatives follow directly:
Corollary 2.2. The evolution equation for the the norm of the N th covariant derivative
of A satisﬁes
∂
∂t
∣∣∇¯NA∣∣2 6∆¯ ∣∣∇¯NA∣∣2 − 2 ∣∣∇¯N+1A∣∣2 + d1,N |A|2 ∣∣∇¯NA∣∣2
+ 4d2,N+1 |A|
∣∣∇¯N+1A∣∣ ∣∣∇¯NA∣∣+ d2,N ∣∣∇¯A∣∣ ∣∣∇¯NA∣∣2
+
∑
16I+J<N
d˜1,IJK
∣∣∇¯IA∣∣ ∣∣∇¯JA∣∣ ∣∣∇¯N−I−JA∣∣ ∣∣∇¯NA∣∣
+
∑
1<I6N
d˜2,IJ
∣∣∇¯IA∣∣ ∣∣∇¯N+1−IA∣∣ ∣∣∇¯NA∣∣ ,
for constants d1,IJK , d2,IJ , etc.
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2.2. Dilation-invariant estimates
In Chapter 4, the singular behaviour of M in the special case of rotationally symmetric
surfaces will be studied. Therefore, it is necessary to control the total loss of the cur-
vature of the generating curve. The dilation-invariant estimates in Lemma 2.4 will be
used to get this control.
Deﬁnition 2.3. The maximum of the norm of the second fundamental form squared
at time t is denoted byMt := maxMt |A|2.
Lemma 2.4. For all tn ∈ [0, T ), there exist constants σ, c˜N <∞ independent of tn such
that for t ∈
(
tn, tn +
1
2σMtn
]
and N > 0 we have
∣∣∇¯NA∣∣2 6 c˜NMtn
(t− tn)N
. (2.4)
Indeed, σ does only depend on the dimension of M .
Here, dilation-invariance means (2.4) is invariant under rescaling of the form that
time is scaled as space squared: F˜ (·, τ) := µF (·, t), τ := µ2t for some µ > 0. This sort
of rescaling will be used in Section 4.3 to show convergence along a subsequence of a
blow-up sequence, cp. (4.23).
As mentioned above, these estimates were proved in [4, Theorem 3.1] for the curvature
vector of space curves. For an arbitrary dimensional manifoldM in euclidean space, the
evolution equation of the squared norm of the second fundamental form is qualitative
like the evolution equation of the the squared norm of the curvature vector of a space
curve and so, the same methods as in [4] are applied in the following proof. It is quite
technical, but because of the importance of Lemma 2.4 it is given in detail.
Proof of Lemma 2.4. The lemma is proved by induction on N . Without loss of general-
ity, assume tn = 0 and then translate the estimates. For N = 0, equation (2.2) implies
that there exists a constant σ > 0 depending only on the dimension and codimension of
M such that:
∂
∂t
|A|2 6 ∆¯ |A|2 + σ |A|4 . (2.5)
Set h (·, t) := |A (·, t)|2 − M01−σtM0 , then (2.5) gives
∂
∂t
h 6 ∆¯h+ σ
(
|A (·, t)|2 + M0
1− σtM0
)
h
and thus, the maximum principle (e. g. [52]) implies
Mt 6 M0
1− σtM0 ⇐⇒ −
1
Mt +
1
M0 6 σt if t <
1
σM0 . (2.6)
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This is
Mt 6 2M0 for t 6 1
2σM0
and we can choose c˜0 = 2.
Furthermore, (2.6) leads to
− 1Ms +
1
Mt 6 σ (s− t) (2.7)
as long asM remains bounded, hence 1Mt 6 σ (T − t). Thus,
tn +
1
2σMtn
6 tn +
1
2
(T − tn) = 1
2
(T + tn) 6 T,
i. e.
(
tn, tn +
1
2σMtn
]
⊂ [0, T ).
For N = 1, Corollary 2.2 gives
∂
∂t
∣∣∇¯A∣∣2 6 ∆¯ ∣∣∇¯A∣∣2 − 2 ∣∣∇¯2A∣∣2 + d1 |A|2 ∣∣∇¯A∣∣2 + 4d2 |A| ∣∣∇¯A∣∣ ∣∣∇¯2A∣∣ (2.8)
for some constants d1, d2. The idea is, that the mixed term 4d2 |A|
∣∣∇¯A∣∣ ∣∣∇¯2A∣∣ can
be estimated from above via d1 |A|2
∣∣∇¯A∣∣2 + d2 ∣∣∇¯2A∣∣2 for some constants d1, d2 which
can be chosen such that d2
∣∣∇¯2A∣∣2 − 2 ∣∣∇¯2A∣∣2 6 0. So, the only problem is to control
the ﬁrst term d1 |A|2
∣∣∇¯A∣∣2. Since t |A|2 is bounded on small time intervals, compute
∂
∂t
(
t
∣∣∇¯A∣∣2 + d |A|2) and choose d large enough such that the negative gradient term
occurring in the time derivative of |A|2 controls the term td1 |A|2
∣∣∇¯A∣∣2.
More precisely, note that |A|2 6 2M0 for 0 < t 6 12σM0 , then (2.2) and (2.5) give
∂
∂t
(
t
∣∣∇¯A∣∣2 + d |A|2)
6∆¯
(
t
∣∣∇¯A∣∣2 + d |A|2)+ ∣∣∇¯A∣∣2 − 2t (∣∣∇¯2A∣∣− d2 |A| ∣∣∇¯A∣∣)2
+
(
d1 + 2d
2
2
)
t
∣∣∇¯A∣∣2 |A|2 − 2d ∣∣∇¯A∣∣2 + c · d |A|4
6∆¯
(
t
∣∣∇¯A∣∣2 + c |A|2)+ (2 (d1 + 2d22) tM0 − 2d+ 1) ∣∣∇¯A∣∣2 + 4c · dM02.
Choose d such that
(
1
σ
(
d1 + 2d
2
2
)− 2d+ 1) < 0. For t 6 12σM0 we have
∂
∂t
(
t
∣∣∇¯A∣∣2 + d |A|2) 6 ∆¯(t ∣∣∇¯A∣∣2 + d |A|2)+ 4σ · dM02.
Again, the maximum principle implies
t
∣∣∇¯A∣∣2 + d |A|2 6 dM0 + 4σ · dM02t
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which is
∣∣∇¯A∣∣2 6 3dM0t for t 6 12σM0 . Note that d was chosen independent of t.
For N > 1, Corollary 2.2 yields:
∂
∂t
(
tN
∣∣∇¯NA∣∣2) 6∆¯(tN ∣∣∇¯NA∣∣2)− 2tN (∣∣∇¯N+1A∣∣− d2,N+1 |A| ∣∣∇¯NA∣∣)2
+ tN−1
(
N + d2,N t
∣∣∇¯A∣∣+ (2d22,N+1 + d1,N) t |A|2) ∣∣∇¯NA∣∣2
+ tN
∑
16I+J<N
d1,IJK
∣∣∇¯IA∣∣ ∣∣∇¯JA∣∣ ∣∣∇¯N−I−JA∣∣ ∣∣∇¯NA∣∣
+ tN
∑
1<I6N
d2,IJ
∣∣∇¯IA∣∣ ∣∣∇¯N+1−IA∣∣ ∣∣∇¯NA∣∣
As above, the terms of order N occurring in the sums must be controlled. Therefore,
add a term aN−1tN−1
∣∣∇N−1A∣∣2 with aN−1 large enough such that the coeﬃcient of the
quadratic term of order N becomes negative:
∂
∂t
(
tN
∣∣∇¯NA∣∣2 + aN−1tN−1 ∣∣∇¯N−1A∣∣2) 6 ∆¯(tN ∣∣∇¯NA∣∣2 + aN−1tN−1 ∣∣∇¯N−1A∣∣2)
+ tN−1
(
N + d2,N t
∣∣∇¯A∣∣+ (2d22,N+1 + d1,N) t |A|2 − aN−1)︸ ︷︷ ︸
=:−d1
∣∣∇¯NA∣∣2
+ tN
∑
16I+J<N
d1,IJK
∣∣∇¯IA∣∣ ∣∣∇¯JA∣∣ ∣∣∇¯N−I−JA∣∣ ∣∣∇¯NA∣∣
+ tN
∑
1<I6N
d2,IJ
∣∣∇¯IA∣∣ ∣∣∇¯N+1−IA∣∣ ∣∣∇¯NA∣∣
+ aN−1tN−1d0 |A|
∣∣∇¯N−1A∣∣ ∣∣∇¯NA∣∣+ aN−1tN−1 · (terms of order N − 2) .
Note that aN−1 was chosen independent of 0 < t 6 12σM0 . Hence, the mixed terms in
the sums are compensated:
∂
∂t
(
tN
∣∣∇¯NA∣∣2 + aN−1tN−1 ∣∣∇¯N−1A∣∣2) 6 ∆¯(tN ∣∣∇¯NA∣∣2 + aN−1tN−1 ∣∣∇¯N−1A∣∣2)
− tN−1
d1 ∣∣∇¯NA∣∣− t ∑
16I+J<N
d1,IJK
∣∣∇¯IA∣∣ ∣∣∇¯JA∣∣ ∣∣∇¯N−I−JA∣∣
−d2 |A|
∣∣∇¯N−1A∣∣− t ∑
1<I6N
d2,IJ
∣∣∇¯IA∣∣ ∣∣∇¯N+1−IA∣∣
2
+ tN−2
∣∣∇¯N−1A∣∣2 (d3t3 |A|2 ∣∣∇¯A∣∣2 + d4t3 ∣∣∇¯2A∣∣2 + d5t3 |A| ∣∣∇¯A∣∣ ∣∣∇¯2A∣∣
+d6t
2 |A|2 ∣∣∇¯A∣∣+ +d7t2 |A| ∣∣∇¯2A∣∣)
+ tN−1
∣∣∇¯N−1A∣∣ · (products of terms of lower order)
+ aN−1tN−1 · (terms of order N − 2) ,
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for some constants di. Here, the coeﬃcient of t
N−2 ∣∣∇¯N−1A∣∣2 is bounded independent
of 0 < t 6 12σM0 by the induction hypothesis. So, there exist some constants aI and A
such that
∂
∂t
(
tN
∣∣∇¯NA∣∣2 + N−1∑
I=1
aIt
I
∣∣∇¯IA∣∣2) 6 ∆¯(tN ∣∣∇¯NA∣∣2 + N−1∑
I=1
aIt
I
∣∣∇¯IA∣∣2)+AM02.
Since tI
∣∣∇¯IA∣∣2 6 C˜IM0 for 0 < t 6 12σM0 the maximum principle yields the lemma.
In [20] these estimates were proved for a family of curves evolving under mean curva-
ture ﬂow in a Riemannian manifold satisfying some curvature conditions.
Corollary 2.5. For tn large enough, there exists a constant σ > 0 such that tn =
t˜n +
1
4σMt˜n
for some earlier time 0 6 t˜n 6 tn.
Proof. As above, the inequality 1Mt − lim infs→T 1Ms 6 σ (T − t) , t ∈ [0, T ) , implies
t+
1
4σMt 6 t+
1
4
(T − t) .
Clearly, we get t + 14σMt < tn < tn +
1
4σMtn for t <
4
3 tn − 13T < tn. So we can ﬁnd
t˜n > 43 tn − 13T such that tn = t˜n + 14σMt˜n .
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symmetric surfaces
From now on, the special case thatM is a rotationally symmetric surfaces is considered.
In this chapter, the setting will be described in detail not only for surfaces but more
generally for higher dimensional manifolds always having in mind that we will restrict
ourselves to surfaces generated by curves (and hence n = 1) below. First, the perturbed
ﬂow for the generating manifolds c will be derived, secondly, some evolution equations
will be given. The chapter ends with some useful geometric properties for surfaces of
codimension two.
Let c0 : [0, 2pi)
n → Rm>0, m > n+ 2, be a smooth immersed compact manifold in the
halfspace Rm>0 :=
{
y ∈ Rm; y1 > 0} ⊂ Rm+1. As above, yα, α = 1, . . . ,m + 1, denote
euclidean coordinates on Rm+1. Let F0 : [0, 2pi)
n+1 → M0 ⊂ Rm+1 be the immersion
generated by c0 such that M0 is invariant under all rotations in the y
1ym+1-plane:
M0 := F0 ([0, 2pi)
n × [0, 2pi))
:=
{(
c1 (~x) cosxn+1, c2 (~x) , . . . , cm (~x) , c1 (~x) sinxn+1
) ∈ Rm+1;
~x ∈ [0, 2pi)n , xn+1 ∈ [0, 2pi)} .
From now on, g¯ = g¯ij dx
i ⊗ dxj denotes the induced metric of the immersion Ft,
resp. g = gij dx
i⊗dxj the induced metric on c, always having in mind that the ﬁrst sum
goes from 1 to n+ 1 and the second from 1 to n. As usual, the inverse of the metric is
written as g¯ij resp. gij . The euclidean metric on Rm will be denoted by δαβ . For better
reading, the scalar products and norms corresponding to these metrics and those which
are induced by them are abbreviated by 〈·, ·〉 resp. |·| if it is clear which metric is used
from the context. Furthermore, ∇¯ (resp. ∇) denotes the Levi-Civita-connection on M
(resp. c), ∆¯ (resp. ∆) is the Laplace-Beltrami-operator on M (resp. c).
For the rest of this thesis, the behaviour of M0 under the mean curvature ﬂow (mcf)
will be investigated in the special case thatM0 is a compact surface: let Ft : [0, 2pi)
n+1 →
R
m+1 be a family of smooth immersions such that
∂
∂t
F
(
~x, xn+1, t
)
= H (3.1a)
F
(
~x, xn+1, 0
)
= F0
(
~x, xn+1
)
, (3.1b)
where H is the mean curvature vector of the immersion F (·, t). Below, the immersion
Ft and its image Mt are often identiﬁed.
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It is well known that (3.1) has a smooth solution on a maximal time interval [0, T ), see
for example [29]. Since M is compact, the maximal time of existence is ﬁnite T < ∞.
Furthermore, the mean curvature ﬂow is isotropic, so Mt, t ∈ [0, T ), is rotationally
symmetric, too, generated by
ct (~x) := Ft
(
x1, . . . , xn, 0
)
= Mt ∩Rm>0.
Thus, the behaviour of Mt is totally determined by the behaviour of ct.
To determine the ﬂow under which the generating manifolds ct evolve, choose cylin-
drical coordinates on Rm+1 denoted by
(
z1, . . . , zm+1
)
=
(
r, y2, . . . , ym, φ
)
and compute
the second fundamental form A of M in these coordinates. Details are given in Sec-
tion B.1. The mean curvature vector H ofM does not coincide with the mean curvature
vector H of the generating manifold c, but (B.1) gives
Hα (~x, xn+1) = g¯ijAαij (~x, xn+1) = gijAαij (~x) + 1
(c1)2
Aαn+1n+1
(
~x, xn+1
)
=: Hα
(
~x, xn+1
)
+ λα
(
~x, xn+1
)
for α = 1, . . . ,m,
Hm+1 (~x, xn+1) = 0,
where H is the mean curvature vector of c, λα := 1
(c1)2
Aαn+1n+1 denotes a vector due to
the rotation:
λα = − 1
c1
(
δ1α − cαmgmlc1l
)
= − 1
c1
(
∂
∂z1
− δ1βcβmgmlcαl
)
.
Set
e1 :=
∂
∂z1
= cos zm+1
∂
∂y1
+ sin zm+1
∂
∂ym+1
.
SinceH, λ do only depend on xn+1 as it describes the angle of rotation, the cut with the
space
{
zm+1 = 0
}
is permitted, and H (~x) = H (~x, 0, t) , λ (~x) = λ (~x, 0, t) are identiﬁed
with the corresponding vector ﬁelds in Rm. Especially,
e1 (c (~x) , 0) =
∂
∂y1
(c (~x)) (3.2)
in euclidean coordinates on Rm. Note that e1 is constant with length
|e1|2 = δαβ eα1 eβ1 = 1.
If the distance to the plane of rotation
{
y ∈ Rm; y1 = 0} is denoted by
r (~x) = c1 (~x) = 〈c (~x) , e1〉 (= 〈F (~x, 0) , e1〉) , (3.3)
then λ can be written as
λ = −1
r
e⊥1 , (3.4)
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y1
y2
c
e1
T
λ
T = −e1
λ = 0
e1
T
λ
Figure 3.1.: Example of a plane curve
where, ⊥ is the orthogonal projection to the normal bundle NM of M (cp. Figure 3.1.).
Altogether, Ft is a solution to the mean curvature ﬂow if and only if the generating
immersion ct are solutions to the perturbed ﬂow
∂
∂t
c (x, t) = H (x, t) + λ (x, t) , (3.5a)
c (x, 0) = c0 (x) , c (x, t) ∈ Rm>0. (3.5b)
Since λ is a term of ﬁrst order, (3.5) has the same symbol as (3.1) and thus, there exists a
solution on a maximal time interval. Moreover, each solution of (3.5) leads to a solution
of (3.1) and vice versa, hence a solution of (3.5) exists as long as the corresponding
solution of (3.1) exists.
3.1. Evolution equations for space curves evolving under
the perturbed ﬂow
For the rest of this chapter, we look at the special case n = 1 and deduce some evolution
equations for geometric quantities of the generating curve c evolving under the perturbed
ﬂow (3.5). Keep in mind that since c is a curve in Rm, the latin indices only take the
value i = j = 1 and repeated greek indices are summed from 1 to m.
Below, we will need the ﬁrst two covariant derivatives of λ and the Laplacian of r.
Lemma 3.1. For a curve c, we have
|∇r|2 =1− r2 |λ|2 , (3.6a)
∆r =− rHαλα, (3.6b)
∇lλα =− 1
r
∂r
∂xl
λα −Hβλβcαl +
1
r
∇lrHα (3.6c)
∆λα =
(
2
r2
|∇r|2 +Hβλβ
)
λα − 2
(
Hβλβ +
1
r2
|∇r|2
)
Hα +
1
r
∇mr∇mHα
−
(
∇mHβλβ − 2
r
∇mrHβλβ + 1
r
∇mr |H|2
)
cαm (3.6d)
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Proof. The equations (3.6a)-(3.6c) are proved in Lemma B.1 for an arbitrary dimensional
immersion c. Since c is a space curve, (B.9) implies (3.6d) via using Aαij = H
αgij .
The key evolution equations are given in the following two lemmata:
Lemma 3.2. For a family of space curves evolving under (3.5) we have
∂
∂t
r = 〈H + λ, e1〉 = ∆r − r |λ|2 , (3.7)
∂
∂t
cαi = ∇i (Hα + λα) = ∆cαi +∇iλα, (3.8)
∂
∂t
gij = −2
(
|H|2 +Hαλα
)
gij , (3.9)
∂
∂t
(dµ) = −
(
|H|2 +Hαλα
)
dµ, (3.10)
where dµ denotes the volume form of C.
These are standard computations as for example in [56], compare also Section A.2.
Lemma 3.3.
∂
∂t
Hα =∆Hα +
1
r
∇mr∇mHα + 2Hα
(
|H|2 − 1
r2
|∇r|2
)
+ λα
(
2
r2
|∇r|2 +Hβλβ
)
+ cαn
(
∇n |H|2 −∇n |λ|2 + 1
r
∇nrHβλβ
)
(3.11)
∂
∂t
|H|2 =∆ |H|2 − 2 |∇H|2 + 1
r
∇mr∇m |H|2
+ 2Hαλα
(
2
r2
|∇r|2 +Hβλβ
)
+ 4 |H|2
(
|H|2 − 1
r2
|∇r|2
)
. (3.12)
Proof. From (B.11), we get in the special case that C is a curve
∂
∂t
Hα =∆Hα + ∆λα + cαn
(
∇n |H|2 −∇n |λ|2 +∇n
(
Hβλβ
))
+ 2
(
|H|2 +Hβλβ
)
Hα.
Hence, (3.6d) implies (3.11) and (3.12).
3.2. Some geometric properties for codimension two
surfaces
Now, assume m = 3, i. e.M is a surface in R4 generated by a curve c ⊂ R3. Since the
only terms occurring are those with i = j = 1, the local coordinate of c will be denoted
by x instead of x1.
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Suppose that |H (x, t)| > 0 for all (x, t) ∈ S1 × [0, T ). The principal unit normal
vector ﬁeld of c is
ν =
1
|H|H.
Let T be a unit tangent vector ﬁeld representing the orientation of c: T = 1v
∂c
∂x , v :=
∣∣ ∂c
∂x
∣∣.
Then there exists a uniquely deﬁned unit normal vector ﬁeld B such that T, ν,B is an
positive oriented orthonormal frame ﬁeld of R3. B is called the binormal vector ﬁeld of
c. Then the Frenet equations are given by
Aαij = ∇icαj = |H| gij να (3.13a)
∇iνα = − |H| cαi + τiBα (3.13b)
∇iBα = −τiνα. (3.13c)
As computed in Section B.1, the second fundamental form onM is given in cylindrical
coordinates by:
(Aαkl)k,l =
(
1
|c˙|2H
α 0
0 1
(c1)2
λα
)
, for α = 1, . . . , 3, A4kl = 0,
where the ﬁrst coordinate represent the radius, the second one denotes the angle of
rotation. This gives
|A|2 = |H|2 + |λ|2 (3.14a)
|H|2 = |H|2 + 2 〈H,λ〉+ |λ|2 6 2 |A|2 . (3.14b)
Since M is a surface, the Gaussian curvature computes to
2K = |H|2 − |A|2 = 2 〈H,λ〉 .
Hence the theorem of Gauß-Bonnet implies∫
M
〈H,λ〉 dη =
∫
C
r 〈H,λ〉 dµ = 0.
This is also a direct consequence of (3.6b) and the divergence theorem.
Deﬁnition 3.4. The tangent indicatrix of c is the curve on the unit sphere given by
γ (s) = T .
In general the indicatrix to a given curve c is not parametrized by arc length, but for
the arc length parameter s of c we have
∂γ
∂s
=
∂2c
∂s2
= H = |H| ν.
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If the curvature |H| does not vanish on c,
∂
∂σ
:=
1
|H|
∂
∂s
, dσ = |H| ds
is well deﬁned and
∂γ
∂σ
= N,
∂2γ
∂σ2
= −T + τ|H|B.
So the torsion of the indicatrix as a space curve is τ|H| . A well known fact from the theory
of curves says that a regular parametrized space curve with non vanishing curvature is
planar on a subarc if and only if the torsion vanishes on the subarc, see Lemma 3.6.
Hence, if the indicatrix lies on a great circle of the sphere along a subarc (or equivalently:
if c is planar along this subarc), and if H 6= 0, τ|H| has to vanish. Therefore, the following
deﬁnition is proper.
Deﬁnition 3.5. A space curve c is called planar at a point p if τ|H| (p) = 0.
In general, if c is a curve in arbitrary dimensional euclidean space, one can deﬁnem−2
diﬀerent torsion 1-forms τi (cp. (C.1)) and the fact mentioned above can be proved for
arbitrary codimension, see for example [61, Theorem 5, p. 27 f.]:
Lemma 3.6. Let c : [a, b]→ Rm be a regularly parametrized curve with |H| , τ1 , . . . , τj−1
nowhere zero, and τj everywhere zero. Then c lies in some (j + 1)-dimensional plane
in Rn.
Moreover, in Chapter C, Lemma 3.6 will be used to generalize the results of the
following chapter for surfaces in R4 to surfaces in Rm.
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the plane of rotation
Consider a family of surfacesM generated by space curves c, where c : S1×[0, T )→ R3>0
is a solution to the perturbed mean curvature ﬂow
∂
∂t
c (x, t) = H (x, t) + λ (x, t) , (4.1a)
c (x, 0) = c0 (x) , c (x, t) ∈ R3>0 (4.1b)
on the maximal time interval of existence [0, T ). In this chapter, singularities of the ﬂow
occurring away from the plane of rotation will be analyzed. From now on, assume that
There exists a constant r0 > 0 such that r > r0 for all 0 6 t < T . (4.2)
is satisﬁed.
The following lemma ensures that assumption (4.2) is not empty, in fact, there are a
lot of curves for which (4.2) is fulﬁlled.
Lemma 4.1. Let c : S1×[0, T )→ R3>0 be a solution to the perturbed ﬂow (4.1). Assume
that c0 is contained in a closed ball B (ρ,M) :=
{
y ∈ R3; |y −M |2 6 ρ2
}
of radius ρ
and centre M with 〈M, e1〉 = ε0 + ρ for some ε0 > 0 (see Figure 4.1.).
If ρ < ε0, the solution is a subset of B (ρ,M) for all t ∈ [0, T ), hence, r > ε0 > 0 for
all t ∈ [0, T ), i. e. assumption (4.2) is satiﬁed with r0 = ε0.
y1
y2
y3
ε0
ρ
M
c0
Figure 4.1.: Conditions in Lemma 4.1
Proof. Let c ⊂ B (ρ,M) be a solution to the perturbed ﬂow with |c−M |2 6 ρ2. Since
maxt |c−M |2 is continuous, assume that maxt0 |c−M |2 = ρ2 at a ﬁrst time t0. Then,
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there exists a point x0 such that maxt0 |c−M |2 = |c−M |2 (x0, t0), and c (·, t0) touches
S2 (ρ,M) in x0 tangentially. At this point, we have
∆|x=x0 |c−M |2 = 2 (〈H, c−M〉+ 1)|x=x0 6 0.
Since c (x0, t0)−M is orthogonal to the sphere and hence to c itself in x0, the Cauchy-
Schwarz inequality yields
〈λ, c−M〉|x=x0 = −
1
r
〈e1, c−M〉
∣∣∣∣
x=x0
6 ρ
r (x0, t0)
6 ρ
ε0
,
where r (x0, t0) > ε0 was used due to the condition on the centre M of the ball. Alto-
gether, the assumption ρ < r0 implies
∂
∂t
∣∣∣∣
t=t0
(
|c−M |2
)
(x0) = 2 〈H + λ, c−M〉|x=x0 6 2
(
ρ
ε0
− 1
)
< 0,
which is a contradiction to ∂∂t
∣∣
t=t0
(
|c−M |2 (x0)
)
> 0 by the choice of t0. In the worst
case, every inequality is an equality and r (x0, t0) = ε0, hence, the condition cannot be
sharpened.
Roughly, the idea of the previous lemma is that the curvature of the barrier S2 (ρ,M)
constrains a lower bound on the curvature of the curve in a point in which the curve
ﬁrst touches the sphere. If this lower bound is good enough, i. e.
|H (x0, t0)| > 1
ρ
>
1
ε0
> |λ (x0, t0)| ,
the mean curvature vector forces the curve back inside the ball.
But the condition ε0 < ρ is also necessary to ensure that a solution to the perturbed
ﬂow with initial data c0 ⊂ S2 (ρ,M) develops a singularity away from the plane of
rotation. In the following example, the ﬂow in direction of the mean curvature vector
does not inﬂuence the ﬂow in the direction of λ, i. e. e1 is everywhere perpendicular to
c.
Example Let c0 be a circle in a aﬃne y
2y3-plane, i. e. (cp. Figure 4.2.)
c0 : S
1 → R3>0, c0 (x) = (r, ρ cosx, ρ sinx) , r, ρ > 0 constant.
In this case λ = −1re⊥1 = −1re1, and c is a solution to the perturbed ﬂow, if r and ρ are
a solutions to ∂∂tr (t) = − 1r(t) , ∂∂tρ (t) = − 1ρ(t) . This is
c (x, t) =
(√
r2 − 2t,
√
ρ2 − 2t cosx,
√
ρ2 − 2t sinx
)
and the solution exists for t < 12 min (r, ρ). Hence, the solution shrinks to a point not
lying in the plane of rotation if and only if ρ < r.
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y1
y2
y3
r
ρ
c0ct
Figure 4.2.: Circles in an aﬃne y2y3-plane remain circles under the perturbed ﬂow.
Moreover, the surface (x, t) 7→ c (x, t) satisﬁes:
− (c1t (x))2 + (c2t (x))2 + (c2t (x))2 = ρ2 − r2

< 0 if r > ρ
= 0 if r = ρ
> 0 if r < ρ.
That means (cp. Figure 4.3.)
(x, t) 7→ c (x, t) is

one sheet of a hyperboloid of two sheets, if r > ρ
a cone, if r = ρ
one half of a hyperboloid of one sheet, if r < ρ.
Figure 4.3.: The three cases of singular behaviour: λ remains bounded and H blows up,
λ and H blow up, λ blows up and H remains bounded
The previous example shows:
Remark 4.2. The perturbed mean curvature ﬂow (4.1) can develop three kinds of
singularities: λ remains bounded and H blows up, λ and H blow up, λ blows up and
H remains bounded.
Furthermore, the example illustrates that if the initial curve c0 lies in a aﬃne y
2y3-
plane, i. e. in a plane E0 which is normal to e1, the perturbed ﬂow for the curves splits
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into two parts: the perturbation term λ leads only to a change of the aﬃne plane ct ⊂ Et,
e1 ⊥ Et, and do not inﬂuence the ﬂow of the curves in the planes. Consequently, the
perturbed ﬂow for c0 is similar to the planar curve shortening ﬂow (see e. g. [29], [31])
as long as λ remains bounded.
If the initial data c0 lies in a plane which contains e1 and hance the perturbation
term λ, the curves will not change the plane during the ﬂow. This case was studied for
example in [2] and [43].
4.1. Dilation-invariant estimates for the perturbed ﬂow
In Subsection 4.1.1, the dilation-invariant estimates derived in Lemma 2.4 will be used
to control the dissipation of the curvature and the torsion of the curve in small intervals
of time and space. Below, these estimates are given in terms of the curves evolving
under the perturbed ﬂow.
In the following, we will often refer to the generated manifoldsM moving by the mean
curvature ﬂow. Therefore, it is used that a parametrization x of the curves c gives a
parametrization in cylindrical coordinates (x, φ) of M , where φ is the angle describing
the rotation. Since M is rotationally symmetric, the angle φ is omitted where it is not
necessary and the occurring terms are evaluated at the corresponding point with φ = 0,
for example |A (x)|2 = |A (x, 0)|2 = |A (x, φ)|2 for all φ.
As in [4], (essential) blow-up sequences will be used to analyze the singular behaviour
of the perturbed ﬂow:
Deﬁnition 4.3. 1. The maximum of the squared norm of second fundamental form
of M will be denoted byMt := maxMt |A|2.
2. The maximum of the curvature squared of c will be denoted by Nt := maxct |H|2.
3. {(pn, tn)}, pn ∈ S1, 0 6 tn < T , is a blow-up sequence for A (resp. for H) if
lim
n→∞ tn = T and limn→∞ |A (pn, tn)|
2 =∞
(resp. for H).
4. {(pn, tn)}, pn ∈ S1, 0 6 tn < T , is an essential blow-up sequence for A (resp. for
H) if {(pn, tn)} is a blow-up sequence and there exists a constant ρ˜ > 0, indepen-
dent of n, such that ρ˜Mt 6 |A (pn, tn)|2 for all 0 6 t 6 tn (resp. for H).
Remark 4.4. Condition (4.2) implies that λ is bounded from above |λ|2 6 1
r20
for all
time 0 6 t < T . Hence, the unboundedness of
|A (pn, tn)|2 = |H (pn, tn)|2 + |λ (pn, tn)|2
(cp. (3.14a)) along a blow up sequence (pn, tn) for A implies that |H (pn, tn)|2 is also
unbounded. Thus, (pn, tn) is a blow-up sequence for H, too. After introducing a
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subsequence nk, if necessary, an essential blow-up sequence for A is also an essential
blow-up sequence for H: If ρ˜Mt 6 |A (pn, tn)|2 for all 0 6 t 6 tn then there exists a
ρ such that ρNt 6 |A (pnk , tnk)|2 for 0 6 t 6 tn. Conversely, every (essential) blow-up
sequence for H admits an (essential) blow-up sequence for A.
Consequently, an essential blow-up sequence (pn, tn) will always be chosen such that
it is an essential blow-up sequence for both A and H. Furthermore, it is no restriction
to assume Ntn > 1r20 for all tn.
Note also that an essential blow-up sequence always exists. For example, choose a
monotone increasing sequence sn with sn → T and set (pn, tn) such that |H (pn, tn)|2 =
maxS1×[0,sn] |H|2. Then (pn, tn) is an essential blow-up sequence with ρ = 1.
Proposition 4.5. There exist constants σ, cN <∞ such that for every time tn we have:
∣∣∇NH∣∣2 6 cN Mtn
(t− tn)N
, for t ∈
(
tn, tn +
1
2σMtn
]
. (4.3)
Proof. From the explicit computation of A in cylindrical coordinates, one gets (cf. (B.4))
|A|2 = |H|2 + |λ|2 , ∣∣∇NH∣∣2 = ∣∣∇NA∣∣2 6 ∣∣∇¯NA∣∣2
Hence, the claim follows directly from Lemma 2.4 applied to the surface M generated
by c.
Particularly, in terms of the generating curves c this is:
Corollary 4.6. Let r > r0 for all times t ∈ [0, T ). There exist constants σ, cN < ∞
such that for every time tn with Ntn > 1r20 we have:∣∣∇NH∣∣2 6 cN Ntn
(t− tn)N
, for t ∈
(
tn, tn +
1
4σNtn
]
, N > 0. (4.4)
As in [4], these estimates also prove long time existence of the solution as long as the
curvature and the perturbation term |λ|2 remain bounded independent of the curve's
torsion:
Proposition 4.7. If |H| and |λ| are bounded on the time interval [0, ω), then there exists
an ε > 0 such that c (·, t) exists and is smooth on the extended time interval [0, ω + ε).
Proof. Under assumption (4.2) all derivatives of the tangent vector are bounded as long
as the curvature remains bounded on the time interval [0, ω). Therefore, one can deﬁne
a smooth limit of the tangent vector at time ω. Integration gives a smooth limit curve.
By short time existence for the mean curvature ﬂow of the generated manifold M one
can extend the solution for a further time.
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Now, following the argumentation in [4], these estimates will be used to give some
control on the loss of the curvature and torsion. Away from where the curvature vanishes
the Frenet equations (3.13) imply:∣∣∇icαj ∣∣2 = |H|2 ,
|∇k∇lcαi |2 = |∇ |H||2 + |H|4 + |H|2 |τk|2 ,
|∇j∇i∇kcαl |2
=
∣∣∣∇j∇i |H| − |H|3 − |H| τiτj∣∣∣2 + ∣∣∣3 |H| ∇j |H|∣∣∣2 + ∣∣∣2∇j |H| τi + |H| ∇jτi∣∣∣2 ,
|∇m∇j∇i∇kcαl |2
=
∣∣∣3∇m∇j |H| τi + 3∇j |H| ∇mτi + |H| ∇j∇mτi − |H|3 gijτm − |H| τmτiτj∣∣∣2
+
(
terms involving τ, |H| ,∇ |H| ,∇τ,∇2 |H| ,∇3 |H|)2 .
Proposition 4.5 gives bounds on the summands only in terms of the maximum of the
second fundamental form of the generated surface:
Corollary 4.8. Fix tn large enough such that tn = t˜n + 14σMt˜n
for some t˜n ∈ [0, tn)
and assume that ρMt 6Mtn for all t 6 tn. Then there exist constants c˜1, . . . , c˜4 <∞,
depending only on ρ, such that for t ∈
[
tn, tn +
ρ
4σMtn
]
the following bounds are valid
|H|2 6 c˜1Mtn , |∇ |H||2 6 c˜2Mtn2, |H|2 |τ |2 6 c˜2Mtn2,
|2∇j |H| τi + |H| ∇jτi|2 6 c˜3Mtn3,
∣∣∣∇j∇i |H| − |H|3 gij − |H| τiτj∣∣∣2 6 c˜3Mtn3,∣∣∣3∇m∇j |H| τi + 3∇j |H| ∇mτi + |H| ∇j∇mτi − |H|3 gijτm − |H| τmτiτj∣∣∣2 6 c˜4Mtn4.
If Ntn > 1r20 , these bounds can be rewritten in term of Ntn.
Proof. For t˜n choose tn as above (cf. Corollary 2.5), deﬁne the time interval In :=[
tn, tn +
ρ
4σMtn
]
. Since Mtn > ρMt˜n , In is a subset of
[
t˜n, t˜n +
1
2σMt˜n
]
. In this time
interval the bounds the higher derivatives of H are valid (cf. Proposition 4.5) and the
result follows easily:
|∇ |H||2 6 |∇A|2 6 cMt˜n
t− t˜n
6 cMt˜n · 4σMt˜n 6 c2 (ρ)Mtn2.
Below, we will see that the importance of these estimates lies in the fact that the
bounds on the right hand side are given not in the earlier time t˜n but at time tn.
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4.1.1. Controlling the dissipation of the curvature and torsion
Away from where the curvature vanishes we can use the Frenet equations (3.13) and
(3.12) to derive the evolution equation for the curvature |H|:
2 |H| ∂
∂t
|H| =∆ |H|2 + 2 |∇ |H||2 − 2 |∇H|2 + 1
r
∇mr∇m |H|2
+ 2Hαλα
(
2
r2
|∇r|2 +Hαλα
)
+ 4 |H|2
(
|H|2 − 1
r2
|∇r|2
)
=2 |H|∆ |H| − 2 |H|2
(
|H|2 + |τ |2
)
+
1
r
∇mr∇m |H|2
+ 2Hαλα
(
2
r2
|∇r|2 +Hαλα
)
+ 4 |H|2
(
|H|2 − 1
r2
|∇r|2
)
This gives
∂
∂t
|H| =∆ |H|+ |H|
(
|H|2 − |τ |2 − 2
r2
|∇r|2
)
+
1
r
∇mr∇m |H|+ ναλα
(
2
r2
|∇r|2 +Hαλα
)
. (4.6)
Proposition 4.9. Let tn = t˜n + 14σMt˜n
for some t˜n ∈ [0, tn). Assume that ρMt 6Mtn
for all t 6 tn. Then there exists a constant d depending only on ρ such that∣∣∣∣ ∂∂t |H|
∣∣∣∣ 6 dMtn 32 . (4.7)
for t ∈
[
tn, tn +
ρ
4σMtn
]
. As long as Ntn is bounded from below, the inequality can be
rewritten in terms of Ntn.
Proof. Assumption (4.2) and (4.6) lead to
∂
∂t
|H| 6 |∇∇ |H|| − |H| |τ |2 + |H|3 + d2 |∇ |H||+ d1 |H|+ d0,
for some constants d0, d1, d2. Corollary 4.8 imply that all summands can be bounded in
terms ofMtn
3
2 independent of the time tn, for example:∣∣∣|∇∇ |H|| − |H| |τ |2∣∣∣ 6 ∣∣∣∇j∇i |H| − |H|3 gij − |H| τiτj∣∣∣+ |H|3 6 c˜3Mtn 32 ,
for some constant c˜3. Note that the condition ρM0 6Mtn ensures that the lower order
terms can be bounded in terms ofMtn
3
2 independently of tn, too.
Remark 4.10. It was shown in Corollary 2.5 that if tn is large enough it is always
possible to ﬁnd an earlier time t˜n such that tn = t˜n +
1
4σMt˜n
.
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These estimates will be used only for times tn coming from an (essential) blow-up
sequence, therefore, we can restrict ourselves to suﬃciently large times tn such that Ntn
is bounded from below by a ﬁrmly chosen constant, for example Nt˜n > 1r20 .
These bounds on the time derivative of the absolute curvature give now control on
its total loss on small intervals of time and space. Therefore, a small neighbourhood of
a point (pn, tn) where the curvature does not vanish is deﬁned:
Deﬁnition 4.11. For d > 0 and (pn, tn) ∈ S1 × [0, T ) deﬁne
I (pn, tn, d) :=
{
(p, t) ∈ S1 × [tn, T ) ; disttn {pn, p} 6
√
d
Ntn
, (t− tn) 6 dNtn
}
,
where the distance is deﬁned in terms of the time dependent metric
disttn {u1, u2} =
∣∣∣∣∫ u2
u1
dµ (tn)
∣∣∣∣ .
As mentioned above, it is necessary to know that the curvature does not vanish `near'
a point where the curvature attains its maximum at some time tn. The next lemma
ensures that in small neighbourhoods deﬁned as above, the curvature remains bounded
from below. The ﬁrst statement is that whenever the curvature does not vanish in a
point pn ∈ S1 at some time tn, it will not vanish in this point for small future times,
i. e. the temporal loss is bounded. The second statement bounds the loss in spatial
direction: if |H (pn, t)| 6= 0, it remains positive on small space intervals on the right
and left of pn. These two statements are united in the third one in which the total
loss is bounded. Altschuler proved this for curves under curve shortening ﬂow in [4,
Theorem 4.3]. To get the third statement out of the previous two, he used that the
length of curves evolving under curve shortening ﬂow decreases. For the perturbed ﬂow,
this is no longer satisﬁed, in fact, the length of curves may increase under the perturbed
ﬂow.
Lemma 4.12. Let (pn, tn) be an essential blow-up sequence. Without loss of generality
assume Ntn > 1r20 . Then there exist constants d0, d1, d2 > 0 depending only on ρ and r0
such that the following holds:
1. The temporal loss of |H (pn, ·)| is bounded from below
|H (pn, t)| > |H (pn, tn)|√
2
for t ∈
[
tn, tn +
d1
Ntn
]
. (4.8)
2. The spatial loss of |H (·, t)| is bounded from below
|H (p, t)| > |H (pn, t)|√
2
for distt {p, pn} 6
√
d2
Ntn
, t ∈
[
tn, tn +
d1
Ntn
]
. (4.9)
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3. The total loss of |H (·, ·)| is bounded from below
|H (p, t)| > |H (pn, tn)|
2
for (p, t) ∈ I (pn, tn, d0) . (4.10)
Proof. Let (pn, tn) be an essential blow-up sequence such that tn = t˜n + 14σMt˜n
for
some t˜n and Ntn > 1r20 . Proposition 4.9 gives a bound on
∣∣ ∂
∂t |H|
∣∣ in terms of Ntn :∣∣ ∂
∂t |H|
∣∣ 6 c1N 32tn for t ∈ [tn, tn + ρ8σNtn ] ⊂ [tn, tn + ρ4σMtn ], where c1 depends only on
ρ and r0. Now, choose a constant c2 > 0 independent of tn, such that for (t− tn) 6
min
(
c2
Ntn ,
ρ
8σNtn
)
|H (pn, t)| > |H (pn, tn)| − (t− tn) c1N
3
2
tn > |H (pn, tn)| − c1c2N
1
2
tn
> |H (pn, tn)| − c1c2
ρ
1
2
|H (pn, tn)| > |H (pn, tn)|√
2
.
Deﬁning d1 := min
{ ρ
8σ , c2
}
gives (4.8).
Corollary 4.8 implies the existence of a constant c3 depending only on ρ such that
|∇ |H||2 6 c3N 2tn . Since c is a space curve |∇ |H||2 =
∣∣∣∂|H|∂x1 ∣∣∣2, so the same argumentation
as above yields
|H (p, tn)| > |H (pn, tn)|√
2
for distt {p, pn} 6 c4√Ntn ,
for some suﬃciently small c4. Deﬁning
√
d2 := min {d1, c4} gives (4.9).
To get the third statement, note that in the deﬁnition of I (pn, tn, d0) the metric is
ﬁxed at time tn whereas in the second point of the theorem the metric depends on t.
Therefore, it has to be ensured that the distance between two points do not change to
fast on short time intervals. The time derivative of the length is given by
∂
∂t
L (c) = −
∫
c
(
|H|2 + 〈H,λ〉
)
dµ 6 −1
2
∫
c
(
|H|2 − |λ|2
)
dµ 6 1
2r20
L (c) . (4.11)
Since |λ|2 6 1
r20
is bounded, the length can only increase exponentially in time, so the
last assertion follows from the previous two.
Remark 4.13. The length of a curve evolving under the perturbed ﬂow must not
decrease. In fact, (3.6b) implies
−
∫
c
〈H,λ〉 dµ =
∫
c
1
r
∆r dµ = −
∫
c
∇m
(
1
r
)
∇mr dµ =
∫
c
1
r2
|∇r|2 dµ > 0,
where equality holds if and only if r (·, t) is constant.
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Hence, (4.11) becomes
∂
∂t
L (c) = −
∫
c
(
|H|2 − 1
r2
|∇r|2
)
dµ.
and the the length increases, if |H|2 < 1
r2
|∇r|2. Since c is compact, r (·, t) is constant
for all 0 6 t < T , if r (·, 0) is constant initially. Then, the length decreases during the
ﬂow.
Accordantly to Lemma 4.12, the total loss of the torsion τ can be bounded, too, at
least as long as the curvature |H| > ε > 0 and (as always) r > r0 are bounded away from
zero. Note that here it is assumed that the curvature do not vanish on some interval of
the form I (pn, tn, d). But this is not a restriction since the loss of curvature in such a
interval is limited by Lemma 4.12. First, Proposition 4.5 gives bounds for the torsion
and its derivatives:
Proposition 4.14. Let {(pn, tn)} be an essential blow-up sequence (such that Ntn > 1r20 ).
Then there exist constants d > 0 and ∞ > c˜1, c˜2, c˜3 > 0 depending only on ρ and r0
such that the ﬁrst derivatives of τ are bounded on the interval I (pn, tn, d):
|τ |2 6 c˜1Mtn 6 2c˜1Ntn , |∇τ |2 6 c˜2Mtn2 6 2c˜2N 2tn , |∇∇τ |2 6 c˜3Mtn3 6 2c˜3N 3tn .
Proof. Corollary 4.8 and Lemma 4.12 imply
|τ (p, t)|2 6 c1 Mtn
2
|H (p, t)|2 6 2c1
Mtn2
|H (pn, tn)|2
6 2c1
ρ
Mtn ,
for (p, t) ∈ I (pn, tn, d). Proceeding like this, we get the remaining inequalities:
|∇τ | 6 1|H|
(∣∣2∇j |H| τi + |H| ∇jτi∣∣+ |2∇j |H|| |τi|) 6 c2Mtn 32|H| 6 2c2√ρMtn ,
|∇∇τ | 6 1|H|
∣∣∣3∇m∇j |H| τi + 3∇j |H| ∇mτi + |H| ∇j∇mτi − |H|3 gijτm − |H| τmτiτj∣∣∣
+
1
|H| |τ |
∣∣∣3∇i∇j |H| − |H|3 gij − |H| τiτj∣∣∣+ 3 1|H| |∇j |H| ∇mτi| 6 2c3√ρMtn 32 .
The evolution equations of the torsion and its norm (cf. Lemma B.4 and (B.17)) imply:∣∣∣∣ ∂∂t |τ |2
∣∣∣∣ 6 |τ | |∇∇τ |+ |τ | |∇τ |( c1|H| |∇ |H||+ c2
)
+ |τ |2
(
c3
|H| |∇∇H|+
c4
|H|2 |∇ |H||
2 + c5 |H|2 + c6|H| + c7
)
+ |τ |
(
c8
|H|2 |∇ |H||+ c9 |H|+
c10
|H| + d11
)
. (4.12)
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4.1. Dilation-invariant estimates for the perturbed ﬂow
As in the proof of Lemma 4.12, Proposition 4.14 and (4.12) lead to the following lemma
concerning the loss of the torsion (cp. Theorem 4.13 stated in [4]). For completeness,
the ﬁrst step is outlined here.
Lemma 4.15. Let (pn, tn) be an essential blow-up sequence (such that Ntn > 1r20 ).
Assume that there exists a constant µ > 0 such that |τ (pn, tn)|2 > µ |H (pn, tn)|2 holds
for all n. Then there exist constants d3, d4, d5 > 0 depending only on µ, ρ and r0 such
that the following hold:
1. The temporal loss of |τ (pn, ·)| is bounded from below
|τ (pn, t)|2 > |τ (pn, tn)|
2
√
2
for t ∈
[
tn, tn +
d4
Ntn
]
. (4.13)
2. The spatial loss of |τ (·, t)| is bounded from below
|τ (p, t)|2 > |τ (pn, t)|
2
√
2
for distt {p, pn} 6
√
d5
Ntn
, t ∈
[
tn, tn +
d4
Ntn
]
. (4.14)
3. The total loss of |τ (·, ·)| is bounded from below
|τ (p, t)|2 > |τ (pn, tn)|
2
2
for (p, t) ∈ I (pn, tn, d3) (4.15)
Proof. Let (pn, tn) be an essential blow-up sequence and assume (p, t) ∈ I (pn, tn, d)
for a suﬃciently small d depending only on ρ and r0 such that Lemma 4.12 is valid
on I (pn, tn, d). By Corollary 4.8, Proposition 4.14 and (4.12), there exists a constant
c1 > 0 depending only on ρ and r0 such that∣∣∣∣ ∂∂t |τ |2
∣∣∣∣ 6 c1N 2tn for (p, t) ∈ I (pn, tn, d) ,
because all summands on the right hand side of (4.12) can be bounded: for example,
1
|H| |∇∇H| 6 c|H|(pn,tn)Mtn
3
2 6 c√ρMtn . Since (pn, tn) is essential, terms of lower order
can be bounded, too. Choosing a proper constant c2 > 0, we get
|τ (pn, t)|2 > |τ (pn, tn)|2 − (t− tn) c1N 2tn > |τ (pn, tn)|2 − c1c2Ntn
> |τ (pn, tn)|2 − c1c2
ρ
|H (pn, tn)|2 > |τ (pn, tn)|2 − c1c2
ρµ
|τ (pn, tn)|2
> |τ (pn, tn)|
2
√
2
for 0 6 t− tn 6 c2Ntn
.
Note that c2 only depends on ρ and µ. Setting d4 := min
{
c2,
ρ
2cNtn
}
gives the ﬁrst
statement.
Since c is a curve
∣∣∣∇ |τ |2∣∣∣2 = |τ |2 |∇τ |2 and this is bounded by Corollary 4.8. Hence
the second and third statement follow in the same way as in the proof to Lemma 4.12.
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4.2. The total curvature
The argumentation continues to follow [4]. There, Altschuler proved in Theorem 5.1
a monotonicity for the total curvature for curves under mean curvature ﬂow. For the
perturbed ﬂow, such a monotonicity is no longer valid, but as long as λ remains bounded
the total curvature do not increase to fast. This will be shown in Lemma 4.17. In the
proof, the following proposition will be needed which is a well known result from the
theory of ODEs.
Proposition 4.16. If f : R → R satisﬁes ∂∂tf 6 Af + B exp (Ct) with constants
A,B,C, there exists a constant M such that{
f 6M exp (At) + BC−A exp (Ct) if A 6= C
f 6M exp (At) +Bt exp (At) if A = C
Proof. Diﬀerentiation of exp (−At) f gives
∂
∂t
(f exp (−At)) 6 exp (−At) (Af +B exp (Ct))−A exp (−At) f = B exp ((C −A) t)
and the proposition follows by integration.
Lemma 4.17. Let c be a solution to the perturbed mean curvature ﬂow (4.1) satisfying
assumption (4.2). The total mean curvature
∫
c |H| dµ is integrable over [0, T ) and
∂
∂t
∫
c
|H| dµ 6 −
∫
c
|H| |τ |2 dµ+ 1
r20
∫
c
|H| dµ+ 2
r30
L (c) . (4.16)
Proof. First note, that
∫
c |H| dµ is diﬀerentiable on [0, T ), even though there may occur
(isolated) points in S1 × [0, T ) where |H| is not diﬀerentiable. To avoid technical dif-
ﬁculties, deﬁne K :=
√
|H|2 +  for an  > 0. The convergence K→|H| is uniformly
for  → 0 and, because the length L (c) grows at most exponentially (cf. (4.11)), the
convergence
∫
cK dµ→
∫
c |H| dµ is also uniformly, whereas ∂∂t
∫
cK dµ→ ∂∂t
∫
c |H| dµ
is only a pointwise convergence.
Since
∆K = g
ij∇i
(
1
2K
· ∇j |H|2
)
=
1
2K
∆ |H|2 − g
ij∇i |H|2∇j |H|2
4K3
,
the evolution equation (3.12) of |H|2 implies
∂
∂t
K =
1
2K
∂
∂t
|H|2
=∆K +
∣∣∣∇ |H|2∣∣∣2
4K3
+
1
2K
(
−2 |∇H|2 + 1
r
∇mr∇m |H|2
)
+
1
2K
(
2Hαλα
(
2
r2
|∇r|2 +Hαλα
)
+ 4 |H|2
(
|H|2 − 1
r2
|∇r|2
))
.
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This gives
∂
∂t
∫
c
Kdµ =
∫
c
∆K +
∣∣∣∇ |H|2∣∣∣2
4K3
− 1
K
|∇H|2 + 1
r
∇mr∇mK dµ
+
∫
c
1
2K
(
2Hαλα
(
2
r2
|∇r|2 +Hαλα
))
dµ
+
∫
c
2 |H|2
K
((
|H|2 − 1
r2
|∇r|2
))
dµ−
∫
c
K
(
|H|2 +Hαλα
)
dµ.
Integration by parts yields
∂
∂t
∫
c
Kdµ =
∫
c
∣∣∣∇ |H|2∣∣∣2
4K3
− 1
K
|∇H|2 +K
(
1
r2
|∇r|2 +Hαλα
)
dµ
+
∫
c
1
2K
(
2Hαλα
(
2
r2
|∇r|2 +Hαλα
))
dµ
+
∫
c
2 |H|2
K
((
|H|2 − 1
r2
|∇r|2
))
dµ−
∫
c
K
(
|H|2 +Hαλα
)
dµ,
where we used ∆r = −r 〈H,λ〉. Restriction to areas where the curvature vector H 6= 0
does not change the value of the integral and the Frenet equalities (3.13) lead to
∂
∂t
∫
c
Kdµ =
∫
|H|6=0
|H|2
K3
|∇ |H||2 − 1
K
(
|∇ |H||2 − |H|2
(
|H|2 − |τ |2
))
−K |H|2 dµ
+
∫
|H|6=0
K
1
r2
|∇r|2 − 2 |H|
2
K
1
r2
|∇r|2 + 1
K
Hαλα
(
2
r2
|∇r|2 +Hαλα
)
dµ.
Furthermore, |H|2 6 K2 and the Cauchy-Schwarz inequality imply
∂
∂t
∫
c
Kdµ 6
∫
c
−|H|
2
K
(
|τ |2 + 2
r2
|∇r|2 − |λ|2
)
+K
1
r2
|∇r|2 + |λ| 2
r2
|∇r|2 dµ.
Since |H|
2
K
→ |H| uniformly, inequality (4.16) follows from the pointwise convergence of
the time derivatives for → 0:
∂
∂t
∫
|H| dµ 6 −
∫
|H| |τ |2 dµ+
∫ (
|λ|
(
2
r2
|∇r|2 + |H| |λ|
)
+ |H| 1
r2
|∇r|2
)
dµ.
(4.17)
Thus, inequality (4.16) follows from |λ| 6 1r0 and |∇r|
2 = 1− r2 |λ|2 6 1.
Again, the at most exponential growth of the length implies that
∫
c |H| dµ is inte-
grable over the ﬁnite time interval [0, T ), moreover, it grows at most exponentially, too,
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and the limit limt→T
∫
c |H| dµ exists: inserting L (ct) 6 L (c0) exp
(
1
2r20
t
)
(cf. (4.11)) in
(4.16) gives
∂
∂t
∫
c
|H| dµ 6 1
r20
∫
c
|H| dµ+ 2
r30
L (c0) exp
(
1
2r20
t
)
.
By Proposition 4.16, there exists a constant M such that∫
c
|H| dµ 6M exp
(
1
r20
t
)
− L (c0)
r0
exp
(
1
2r20
t
)
.
Hence,
∫
c |H| dµ and ∂∂t
∫
c |H| dµ are integrable on the ﬁnite time interval [0, T ).
The next corollary follows immediately from Lemma 4.17
Corollary 4.18. ∫ T
0
∫
C
|H| |τ |2 dµ dt <∞ (4.18)
Proof. At the end of the proof of Lemma 4.17, it was shown that
∫ |H| dµ, ∂∂t ∫ |H| dµ
and L (c) are integrable over [0, T ]. Hence, we have∫ T
0
∫
C
|H| |τ |2 dµ
6 1
r20
∫ T
0
∫
C
|H| dµdt + 2
r30
∫ T
0
L (ct) dt +
∫
C
|H| dµ (0)−
∫
C
|H| dµ (T ) <∞.
Corollary 4.18 will be used to control the torsion whenever the curvature vanishes,
therefore, it is written in the form
Corollary 4.19. For all  > 0, there exits a θ > 0 such that∫ T
T−θ
∫
C
|H| |τ |2 dµ < .
4.3. Forming singularities become planar
As in [4], the dilation-invariant estimates and the integral estimates will now be used to
study the singular behaviour of solutions to the perturbed mean curvature ﬂow (4.1).
First, it is proved that the solutions become planar in the sense of Deﬁnition 3.5.
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Theorem 4.20. Assume that condition (4.2) is satisﬁed: r > r0 > 0 on [0, T ). Without
loss of generality let (pn, tn) ∈ S1 × [0, T ) be an essential blow-up sequence such that
Ntn > 1r20 (see Deﬁnition 4.3). Then
lim
n→∞
|τ (pn, tn)|
|H (pn, tn)| = 0. (4.19)
Proof. Suppose there is a subsequence (pnk , tnk) and a lower bound µ > 0 such that
|τ (pnk , tnk)|2 > µ |H (pnk , tnk)|2 for all k ∈ N.
For simplicity, the subscript k will be omitted, and (pn, tn) will be written instead of
(pnk , tnk).
First note, that Remark 4.10, Lemma 4.12 and Lemma 4.15 prevent the curvature
and the torsion of decreasing too quickly in time and space: there exists a suﬃcient
small constant d > 0 depending only on ρ and r0 such that for (p, t) ∈ I (pn, tn, d), see
Deﬁnition 4.11,
|H (p, t)| > 1
2
|H (pn, tn)| (4.20a)
|τ (p, t)|2 > 1
2
|τ (pn, tn)|2 . (4.20b)
Particularly, this implies Nt > |H (p, t)| > ρ2Ns, for all s 6 tn and (p, t) ∈ I (pn, tn, d).
Secondly, distances along the curves c do not decrease too fast, in fact the loss is at
most exponential: ﬁx a time t and two points q1, q2 such that (q1, t) , (q2, t) ∈ I (pn, tn, d).
The volume form of c evolves by (cf. (3.10))
∂
∂t
dµ = −
(
|H|2 + 〈H,λ〉
)
dµ.
Since (pn, tn) is an essential blow-up sequence, Ntn > 1r20 implies |H (pn, tn)|
2 > ρ
r20
.
Hence, (4.20a) yields
|H (qi, t)| |λ (qi, t)| 6 1
r0
|H (qi, t)| 6 |H (qi, t)| |H (pn, tn)|√
ρ
6 2√
ρ
|H (qi, t)|2 6 2√
ρ
Nt.
The previous estimates together with the Cauchy-Schwarz inequality lead to
∂
∂t
(distt {q1, q2}) = −
∫
(q1,q2)
(
|H|2 + 〈H,λ〉
)
dµ > −d1Nt
∫
(q1,q2)
dµ
> −d2Ntndistt {q1, q2} ,
with some constants di depending only on ρ. Integration gives
distt {q1, q2} > disttn {q1, q2} e−d2(ρ)Ntn (t−tn) > disttn {q1, q2} e−d3 ,
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since (t− tn) 6 dNtn by the choice of I (pn, tn, d) (cp. Deﬁnition 4.11). Therefore, the
change of distance is not too big on suﬃciently small time intervals.
Hence, there exists a constant d4 > 0 depending only on µ, ρ, d, and r0 such that the
integral∫ tn+ 18σNtn
tn
∫
c
|τ |2 |H| dµdt >
∫∫
I(pn,tn,d)
|τ |2 |H| dµdt > µ
(ρ
2
Ntn
) 3
2
∫∫
I(pn,tn,d)
dµdt
> µ
(ρ
2
Ntn
) 3
2
e−d3
√
d0
Ntn
d
Ntn
> µ
(
dρ
2
) 3
2
e−d3 =: d4 (4.21)
is uniformly bounded away from zero. The third inequality is valid by the deﬁnition of
I (pn, tn, d0).
But this contradicts Corollary 4.19: for every d4 >  > 0, there exists a θ such that∫ T
T−θ
∫
C
|τ |2 |H| dµ dt 6
∫ tn+ 18σNtn
tn
∫
C
|τ |2 |H| dµ dt 6
∫ T
T−θ
∫
C
|τ |2 |H| dµ dt 6 ,
(4.22)
for n suﬃciently large.
4.3.1. The limit of rescaled solutions
The dilation-invariant estimates for curves evolving under the perturbed ﬂow (see Propo-
sition 4.5 and Corollary 4.6) also imply the convergence to a limit solution after appro-
priate rescaling. The limit solution is a family of planar curves moving by the ordinary
mean curvature ﬂow. Since the generated surfaces Mt evolve under mean curvature
ﬂow, translating the surfaces does not change the ﬂow. Contrary, this is not true for the
generating curves: the perturbed ﬂow is not invariant under translations in direction e1.
The rescaling is focused on the surfaces and divided into three steps: ﬁrst, translate a
point F (pn, 0, tn) on the surface and therefore, the corresponding point on the generating
curve c (pn, tn) into the origin (see Figure 4.4. and Figure 4.5.), secondly, rescale the
surface such that the norm of the mean curvature vector of the rescaled surface in the
origin is bounded.
Translating and rescaling of M in the e1-direction lead to a translation of the axes
of symmetry. Fixing the euclidean coordinates of R3 implicates that the proﬁle curve
deﬁned as cn := R
3∩Mn must not lie in R3>0 any longer. But the ﬂow of eachMn is still
determined by cn, each evolving under a new ﬂow. So, the third step is to determine
the new ﬂow for each cn.
Deﬁnition 4.21. The rescaled solutions Fn of F and cn of c along an essential blow-up
sequence (pn, tn) ∈ S1 × [0, T ) for c (resp. the corresponding essential blow-up sequece
(pn, 0, tn) ∈ S1 × S1 × [0, T ) for F ) are deﬁned as follows:
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y1
y2
Mtn = F (·, tn)
Figure 4.4.: Mtn symmetric with respect
to the y2-axis
y1
y2
µ−1n Mn = µ−1n Fn (·, 0)
Figure 4.5.: Translating Mtn changes the
symmetry-axis
For t¯ := µ2n (t− tn) and In :=
[−µ2nt2n, µ2n (T − tn)), set
Fn : S
1 × S1 × In → R4, Fn (x, φ, t¯) := µn (F (x, φ, t)− F (pn, 0, tn)) , (4.23a)
cn : S
1 × In → R3, cn (x, t¯) := µn (c (x, t)− c (pn, tn)) , (4.23b)
where µn is chosen suﬃciently large such that |Hn (pn, 0, 0)|2 = 1, i. e.
µn := |H (pn, tn)| = |H (pn, tn) + λ (pn, tn)|,
where Hn is the mean curvature vector of Mn (t¯) := Fn
(
S1 × S1 × {t¯}).
Since mean curvature ﬂow is invariant under translations and time is scaled as space
squared, Fn still evolves under the mean curvature ﬂow:
∂
∂t¯
Fn = Hn.
Furthermore, eachMn is still rotationally symmetric, and so its behaviour is fully deter-
mined by cn = Mn ∩R3. But in general, the plane of rotation for Mn and Mm diﬀers,
therefore each cn evolves under a diﬀerent ﬂow:
∂
∂t¯
cn = Hn − 1
rn + µnrpn
e⊥1 =: Hn + λn, (4.24)
where Hn is the mean curvature vector of cn, rn := 〈cn, e1〉 and rpn := 〈c (pn, tn) , e1〉.
Remark 4.22. Note that the coordinates of the ambient euclidean space are ﬁxed
along the rescaling-process, so in general, cn ⊂ R3 is no longer a subset of R3>0, but
c ⊂ {y ∈ R3; y1 > −µnrpn}, since rpn > r0 > 0. This also implies λn 6= − 1rn e⊥1 .
Furthermore, the boundedness of r > r0 away from zero implies that the radius of
the surfaces Mn go to ∞ and planes of rotation to −∞ for n→∞.
As mentioned above, the plane of rotation goes to −∞, and also the length of the
curves cn might increase to ∞. Therefore, it is more convenient to think of Fn and cn
as periodic functions F : R × R × [0, T ) → R4 and c : R × [0, T ) → R3>0 and choose
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parametrizations u = u (x) and ψ = ψ (φ) such that each Fn and cn are passed at time
t¯ with a ﬁxed velocity:
Fn : R×R× In → R4, Fn (u, ψ, t¯) := µn (F (x, φ, t)− F (pn, 0, tn)) (4.25a)
cn : R× In → R3, cn (u, t¯) := µn (c (x, t)− c (pn, tn)) (4.25b)
∂
∂u
Fn =
1
µn
∂
∂x
Fn =
∂
∂x
F,
∂
∂ψ
Fn =
1
µn
∂
∂φ
Fn =
∂
∂φ
F,
∂
∂u
cn =
1
µn
∂
∂x
cn =
∂
∂x
c,
(4.25c)
in fact, ψ = µnφ and u = µnx, i. e. the parameters is stretched. Furthermore, these are
regular parametrizations, since µn 6= 0 for all n.
Singularities occurring under mean curvature ﬂow were characterized by Huisken in
[38] and Angenent in [9].
Deﬁnition 4.23. A forming singularity is of type-I, if limt→TMt · (T − t) is bounded.
Otherwise it is of type-II.
Under assumption (4.2) that the singularity occurs away from the plane of rotation,
replacingMt by Nt gives equivalent conditions.
Now, it is shown that the pertubation term λ do not inﬂuence the convergence of the
rescaled solution as long as (4.2) is satisﬁed (cp. [4, Theorem 7.3]).
Theorem 4.24. Let (pn, tn) ∈ S1 × [0, T ) be an essential blow-up sequence. Then for
every compact set K ⊂ R × (−∞, 0] there exists a subsequence of (pn, tn) along which
the rescaled solutions cn considered as periodic functions on R converge in C∞ (K) to a
smooth, nontrivial limit c∞. The limit c∞ is a solution to the ordinary mean curvature
ﬂow and it exists at least on the time interval (−∞, 0].
Proof. Without loss of generality, assume that (pn, tn) is an essential blow-up sequence
for c as well as for F with ρNs 6 H (pn, tn), ρMs 6 A (pn, tn), for s 6 tn, and Ntn > 1r20 .
From Mtn → ∞, it follows that limn→∞
(−µ2ntn) = −∞, whereas the limit of the
upper bound of the rescaled time interval limn→∞ ωn = limn→∞ µ2n (T − tn) depends on
the type of the occurring singularity. If the singularity is of type-I, limn→∞ µ2n (T − tn)
is ﬁnite, whereas for a type-II singularity the limit depends on the choice of the blow-up
sequence (pn, tn), which will be chosen in that way such that limn→∞ µ2n (T − tn) =∞.
As mentioned above, the length of the rescaled curves might be increasing to inﬁnity,
and hence, it is more convenient to think of the curves as periodic curves
cn : R×
[−µ2nt2n, µ2n (T − tn))→ R3
with cn (0, ·) = cn (pn, ·). Since the proof consists of an Arzelà-Ascoli argument applied
to the tangent vectors Tn of the rescaled curves cn : R×
[−µ2nt2n, 0]→ R3, it is necessary
to parametrize cn by u as in (4.25), hence the tangent vectors Tn (u, t¯) have the same
length for all n:
Tn :=
∂
∂u
cn :=
1
µn
∂
∂x
cn
(
=
∂
∂x
c
)
, |Tn (u, t¯)| = v (t¯) :=
∣∣∣∣ ∂c∂x
∣∣∣∣ .
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First, all higher derivatives
∣∣∇NHn (u, t¯)∣∣2 are bounded for all −µ2ntn < t¯ 6 0. Fix
t¯ ∈ (−µ2ntn, 0]. For the corresponding 0 < t 6 tn, there exists some s ∈ (0, tn) such
that t ∈
(
s, s+ 12σMs
]
. Proposition 4.5 shows that the mean curvature vector and its
higher derivatives are bounded:
ρN+1
∣∣∇NHn (t¯)∣∣2 = ρN+1
µ2N+2n
∣∣∇NH (t)∣∣2 6 ρN+1
µ2N+2n
(∣∣∇¯NA (t)∣∣2)
6 c˜N
ρN+1
µ2N+2n
MsN+1 6 2c˜N |H (pn, tn)|
2N+2
µ2N+2n
6 cN , (4.26)
for N > 0 and t¯ 6 0. Note that the constants c˜N do not depend on s, and so all cN are
independent of t¯ and n.
Secondly, use r > r0 on [0, T ) and µn = |H (pn, tn)| >
√
ρNtn >
√
ρ
r0
to bound the
vector coming from the rotation − 1rn+µnrpn e
⊥
1 independent of n:
1
rn+µnrpn
= 1
(µnr)
2 6 ρr40 .
Hence, the dilation-invariant estimates above give bounds on all higher (covariant) time
derivatives of the tangent vector:
∣∣∣ ∂M∂t¯M Tn∣∣∣2, with Tn = ∂∂ucn. Furthermore, all higher
mixed derivatives consisting of N covariant derivatives in time and M in space are
bounded independent of n:∣∣∣∣∇N+MTn( ∂∂t¯ , . . . ∂∂t¯ , ∂∂u . . . ∂∂u
)∣∣∣∣2 6 dN+M .
Note that the parametrization u of cn is chosen such that the length of a subarc with
endpoints cn (u) and cn (v) is ﬁxed for all n. Furthermore, the rescaling ensures that
the distance a point cn (u, t¯) can move during the ﬂow on cn is bounded. Since c is a
curve, these estimates imply convergence of Tn along a subsequence on each compact
subset K ⊂ R × (−∞, 0] via the Arzelà-Ascoli theorem: there exists a subsequence of
(pn, tn) on which the tangent vectors Tn (u, t¯) converge uniformly on K to a smooth
limit T∞ (u, t¯). Integration gives a smooth limit c∞.
Since |λn|2 → 0 uniformly in n, c∞ is a solution to the mean curvature ﬂow. Further-
more, the process of rescaling prevents the solution to be trivial:
|H∞ (0, 0)|2 = lim
n→∞ |Hn (0, 0)|
2 = lim
n→∞
|H (pn, tn)|2
µ2n
= 1.
As a direct consequence of Theorem 4.24 and the Arzelà-Ascoli theorem, we get for
the generated manifolds M :
Corollary 4.25. Let (pn, tn) ∈ S1 × [0, T ) and thus (pn, 0, tn) ∈ S1 × S1 × [0, T ) be
an essential blow-up sequence. Then there exists a subsequence of (pn, tn) along which
the rescaled solutions of the generated surfaces Mn converge in C∞ (K) to a smooth,
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nontrivial limit M∞, for every compact set K ⊂ R2 × (−∞, 0]. The limit M∞ is a
solution to the mean curvature ﬂow and it exists at least on the time interval (−∞, 0].
The limit is a cylinder in R4 generated by c∞:
M∞ := F∞ (R×R) :=
{(
c1∞ (x) , c
2
∞ (x) , c
3
∞ (x) , y
4
)
, x ∈ R, y4 ∈ R} .
Especially, the mean curvature vector of M∞ and c∞ coincide.
Since the limiting family c∞ is a solution to the mean curvature ﬂow, Altschuler's
result proved in [4, Theorem 7.7] apply here, too:
Corollary 4.26. c∞ is a family of convex planar curves.
From Lemma 3.6, it follows immediately that limiting family is locally planar in all
points where the curvature does not vanish. But it may change the plane in points
H = 0, such that it may not be globally planar. To proof that this cannot happen, it is
necessary to know that a solution of the curve shortening ﬂow is analytic in space for
all positive times t > 0.
For plane initial curves c0 ∈ C2,α
(
S1
)
the analycity in space for t > 0 follows imme-
diately from the theory of parabolic equations (see [7], [21]). Also if the initial curve is
only piecewise C1 and planar, analycity can be shown under certain growing conditions
[31, Theorem 1.2]. Similar results were proved in [48], where the authors showed that
there exists a global unique and analytic solution to the mean curvature ﬂow of entire
graphs for Lipschitz initial data with small Lipschitz norm.
But there are more general results on the regularity of solutions of parabolic dif-
ferential equations. Escher and Simonett proved analycity in space and time even for
solutions of fully nonlinear parabolic evolution equations on symmetric spaces. Since
the Laplace-Beltrami-operator is analytic and invariant under the transformation group
of S1 their result [26, Theorem 1.1] is applicable to the curve shortening ﬂow for space
curves and hence, a solutions c : S1 × [0, T ) → Rm to the curve shortening ﬂow with
smooth initial data c0 is real analytic in space and time for every positive time t > 0.
Proposition 4.27. Suppose c : S1 → R3 is a regular parametrized, analytic curve
with isolated inﬂection points H = 0. Furthermore, assume that the torsion vanishes
whenever the curvature does not. Then c is globally planar.
Proof. Lemma 3.6 implies that c has to be planar on every subarc where H 6= 0. Assume
c is not globally planar. Since there exist only isolated inﬂection points, c has to change
the plane in a point x0 where H (x0) = 0. But in such a point x0, all higher derivatives
of H have to vanish ∇NH = 0, which contradicts the condition that c and thus, H is
analytic.
Now for completeness, the proof of Corollary 4.26 will be given.
Proof of Corollary 4.26. Let (pn, tn) be an essential blow-up sequence such that the
rescaled solutions converge smoothly to c∞. Because the integral is invariant under
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rescaling, the integral estimate Corollary 4.19 implies that for all  > 0 there exists a
θ > 0 suﬃciently small such that for all times tn large enough
 >
∫ tn
tn−θ
∫
c
|H| |τ |2 dµdt =
∫ 0
−θµ2n
∫
cn
|Hn| |τn|2dµndt¯,
where τn denotes the torsion of the rescaled curve cn, i. e.
∫ 0
−∞
∫
c∞ |H∞| |τ∞|
2dµ∞dt¯ = 0.
Hence, the torsion has to vanish whenever the mean curvature H∞ does not.
If H∞ (x, t) 6= 0 and τ (x, t) = 0 for x ∈ I ⊂ R, I an interval, it is a basic fact that
c∞ (x, t) is planar on I. But if H∞ = 0 at an isolated point, c∞ has not to be planar.
However, c∞ is analytic and therefore globally planar as shown in Proposition 4.27.
To prove the convexity, ﬁrst note that as above the rescaling procedure implies
∂
∂t¯
∫
c∞
|H∞| dµ∞ = 0.
Secondly, c∞ is a family of planar solutions to the mean curvature ﬂow, hence, one can
deﬁne its curvature k∞ (see [60]). Proposition 4.28 below gives:∫ 0
−∞
∑
p;k∞(p,·)=0
∣∣∣∣∂k∞∂s
∣∣∣∣ dt¯ = 0,
where s is the parametrization of c∞ by arc length. Hence, every inﬂection point of
c∞ must be degenerate (i. e. k∞ = ∂k∞∂s = 0). Angenent's result Theorem 1.4 in [8]
translated to this situation yields: Since c∞ is a non trivial planar solution to the mean
curvature ﬂow, the number of inﬂection points is ﬁnite for each time t1, non increasing
in time and it decreases on degenerate inﬂection points. Therefore, if there would be a
time t1 at which c∞ has a inﬂection point k∞ (p1, t1) = 0, it automatically had to have
inﬁnite many degenerate inﬂections points, hence it would be a line. Since k∞ (0, 0) = 1
there cannot be any inﬂection points, so c∞ is a family of convex curves.
The idea of the following proposition goes back to [31]. Since it is only stated in [4],
the proof is given for completeness.
Proposition 4.28. Let γ be a planar solution to the mean curvature ﬂow, and k be the
curvature of γ. The time derivative of the total curvature is given by
∂
∂t
∫
γ
|k| ds = −2
∑
p;k(p,·)=0
∣∣∣∣∂k∂s
∣∣∣∣ ,
where s denotes the parametrization by arc length.
Proof. Let s be the parametrization of γ by arc length. Then the evolution equation for
the curvature is ∂∂tk =
∂2k
∂s2
+ k3 (see for example [29]). Deﬁne I (t) := {p; k (p, t) > 0}.
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Since γt is analytic for t > 0, its curvature has only ﬁnite many zeros, and I (t) is a
countable union of intervals I (t) =
⋃
i (ai, bi). Splitting the integral leads to:∫
γ
|k| ds =
∫
I(t)
kds−
∫
γ\I(t)
kds =
∑(∫ bi
ai
kds−
∫ ai+1
bi
kds
)
.
Using ∂∂tds = −k2ds, diﬀerentiation to t gives
∂
∂t
(∑(∫ bi
ai
kds−
∫ ai+1
bi
kdsdµ
))
=
∑(∫ bi
ai
∂2k
∂s2
ds−
∫ ai+1
bi
∂2k
∂s2
ds
)
.
Here the boundary terms vanish by deﬁnition of I (t). Integration by parts yields
∂
∂t
(∫
I(t)
kdµ−
∫
γ\I(t)
kdµ
)
=
∑
2
(
∂k
∂s
(bi)− ∂k
∂s
(ai)
)
= −2
∑
p;H(p,·)=0
∣∣∣∣∂k∂s
∣∣∣∣
4.3.2. Behaviour in type-I and type-II singularities
Now, the limiting behaviour of rescaled solutions to the perturbed ﬂow will be stud-
ied depending on which type of singularity occurs. If condition (4.2) is satisﬁed, the
perturbed ﬂow looks like the mean curvature ﬂow in the singularity (cp. [4]).
Deﬁnition 4.29. p0 ∈ R3 is a blow-up point for the perturbed ﬂow if there exists a
point p ∈ S1 such that c (p, t)→ p0 for t→ T (and hence F (p, 0, t)→ (p0, 0)).
First assume, the occurring singularity is of type-I. The rescaled solutions in p0 of the
generated surfaces and the corresponding curves are deﬁned via
F˜
(
p, φ, t˜
)
:= (2 (T − t))− 12 (F (p, φ, t)− (p0, 0)) (4.27)
c˜
(
p, t˜
)
:= (2 (T − t))− 12 (c (p, t)− p0) , where t˜ := −1
2
log (T − t) . (4.28)
So the rescaled solutions are deﬁned on the time interval
[−12 log T,∞).
One checks that
∂
∂t˜
F˜ = F˜ + H˜, ∂
∂t˜
c˜ = c˜+ H˜ + λ˜ (4.29)
where H˜ = (2 (T − t)) 12 H denotes the mean curvature vector of the rescaled surface M˜ ,
H˜ is the mean curvature vector of c˜, and λ˜ is deﬁned such that H˜ = H˜ + λ˜. This is
H˜ = (2 (T − t)) 12 H, λ˜ := −1
r˜ + (2 (T − t))− 12 rp
e⊥1 , r˜ = (2 (T − t))−
1
2 (r − rp) ,
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with r˜ := 〈c˜, e1〉 and rp := 〈p0, e1〉. Note again that in general λ˜ 6= −1r˜e⊥1 . If the forming
singularity is of type-I, the curvatures of the rescaled solutions are bounded for all times:∣∣∣H˜∣∣∣ 6 C and ∣∣∣H˜∣∣∣ 6 C for some C <∞.
To handle type-I singularities it is a frequent practice to use Huisken's monotonicity
formula for mean curvature ﬂow (see Lemma 4.31 proved in [38]. Here it will be used
for the generated surfaces M . Recall the deﬁnition of the backwards heat kernel:
Deﬁnition 4.30. Let ρp0 (x, t) be the backwards heat kernel ﬂowing out of a point
(p0, T ) ∈ Rm × [0, T ], i. e.
ρp0 (x, t) :=
1
(4pi (T − t))m2
exp
(
−|x− p0|
2
4 (T − t)
)
, x ∈ Rm, t < T. (4.30)
The modiﬁed heat kernel is deﬁned by
ρ˜ (x) = exp
(
−1
2
|x|2
)
, x ∈ Rm. (4.31)
For the surfaces Mt ⊂ R4 Huisken's monotonicity formula reads as follows:
Lemma 4.31. The monotonicity formulas for the surfaces Mt, t ∈ [0, T ), and the
rescaled surfaces M˜t˜, t˜ ∈
[−12 log T,∞), are given by
∂
∂t
∫
M
ρp0dη = −
∫
M
ρp0
∣∣∣∣∣H+ (F − p0)⊥2 (T − t)
∣∣∣∣∣
2
dη, (4.32)
∂
∂t˜
∫
M˜
ρ˜dη˜ = −
∫
M˜
ρ˜
∣∣∣H˜+ F˜⊥∣∣∣2 dη˜, (4.33)
where ⊥ denotes the normal part of the vector.
Integrating the monotonicity formula in time gives:
Corollary 4.32. For all  > 0, there exists a time θ <∞ such that∫ ∞
θ
∫
M˜
∣∣∣H˜+ F˜⊥∣∣∣2 dη˜dt˜ < . (4.34)
Let F˜n := F˜
(·, t˜n), c˜n := c˜ (·, t˜n), for some time − log T < t˜n < ∞. Now, Corol-
lary 4.32 implies
Proposition 4.33. Let p0 be a blow-up point such that limn→∞ F (p, 0, tn) = (p0, 0).
Then the rescalings M˜n of M (resp. c˜n of c) converge along a subsequence to a nonempty
limiting solution M˜∞ (resp. c˜∞) moving by homothety. Furthermore, c˜∞ is a family of
convex, planar curves and each limit c˜∞ has the same winding number.
51
4. Formation of singularities away from the plane of rotation
Proof. Since the singularity is of type-I, there is a point p such that F˜
(
p, 0, t˜
)
re-
mains bounded as t˜→∞. Moreover, there exists by deﬁnition a constant c1 such that
Mt (T − t) 6 c1, for all t ∈ [0, T ). On the other hand, (2.5) implies 1σ(T−t) 6Mt, for
all t ∈ [0, T ) (cp. [38]). Hence in the type-I case, each blow-up sequence is essential.
Furthermore,
∣∣∣H˜∣∣∣2, ∣∣∣H˜∣∣∣2, ∣∣∣λ˜∣∣∣2 are bounded along every sequence t˜n → ∞. Hence,
the proof of convergence of c˜n along a subsequence is the same as above in the proof of
Theorem 4.24, and the convergence of c˜n induces convergence of M˜n to some limit M˜∞
generated by c˜∞. Since the limit M˜∞ is not empty, (4.34) implies∣∣∣H˜∞ + F˜⊥∞∣∣∣2 = 0.
As above, λ∞ = 0 and especially,
∣∣∣H˜∞ + c˜⊥∞∣∣∣2 = 0, i. e. c˜∞ is one of the Abresch-Langer
solutions (cp. [1]).
As in the proof of Corollary 4.26, the limit c˜∞ is a family of convex, planar curves.
Therefore, 12pi
∫
c˜∞
∣∣∣H˜∞∣∣∣ dµ˜∞ is the winding number of c˜∞ and it suﬃces to show that
the limit of
∫
c˜n
∣∣∣H˜∣∣∣ dµ˜ is ﬁnite and unique. Since the limit limt→T ∫c |H| dµ < ∞
exists (cp. the proof of Lemma 4.17), the limit of the scaling invariant total curvature∫
c˜n
∣∣∣H˜∣∣∣ dµ˜ = ∫c |H| dµ (tn) is unique. Hence, each limit c˜∞ has the same ﬁnite winding
number, especially the limits cannot be Abresch-Langer solutions with inﬁnite many
loops, and the limits diﬀer only by dilation and a euclidean motion.
The behaviour of curves evolving under mean curvature ﬂow in type-II singularities
was characterized by Altschuler. Since it was shown in Theorem 4.24 that the limit c∞
of the rescaled solutions cn evolves under mean curvature ﬂow, Altschuler's Theorem
8.16 in [4] applies to c∞, too:
Lemma 4.34. If the occurring singularity is of type-II, there exists an essential blow-up
sequence (pn, tn) such that a limit of rescalings cn along (pn, tn) converges to the Grim
Reaper.
The Grim Reaper was ﬁrst mentioned in in [29]. It is a translating solution to the
mean curvature ﬂow (see Figure 4.6.) given by ct = graph (u (x, t)) with
u (x, t) = − log cos (x) + t.
The proof of Lemma 4.34 is divided into two steps. First Altschuler showed that in
the case of a type-II singularity, there exists an essential blow-up sequence along which
the rescaled solutions converge to a family of solutions whose curvature is bounded for
all times t ∈ (−∞,∞). The second step is to proof that this limit is the Grim Reaper.
Therefore, it is observed that since the limiting curve is planar and convex, it has to
turn exactly pi and is embedded. The maximum-principle is used to proof that in well
chosen coordinates1 the curvature of the limiting curve does not change in time. Thus,
1The curve is parametrized by (θ, τ), where θ is the angle between the tangent vector and the y1-axis,
τ is the time parameter with ﬁxed θ.
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−pi2
pi
2
Figure 4.6.: The Grim Reaper
it is a planar, convex, translating solution with total curvature pi, such a curve is the
Grim Reaper.
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rotation
In Chapter 4, it was a necessary condition that the distance of the curve to the plane
of rotation was bounded away from zero r > r0 on [0, T ). In this case, the curvature
vector λ coming from the rotation keeps bounded in the singularity, and only the mean
curvature of the curve blows up, so the behaviour of the perturbed ﬂow in the singularity
is the same as of the mean curvature ﬂow.
Now, the behaviour of the perturbed ﬂow is investigated in singularities in which both,
the mean curvature of the curve and the curvature coming from the rotation, blow up.
An example for this type of singularity was given in in the example above Remark 4.2.
5.1. A monotonicity formula
Let c : S1 × [0, T )→ R3>0 be a solution to the perturbed ﬂow
∂
∂t
c (x, t) = H (x, t) + λ (x, t) , (5.1a)
c (x, 0) = c0 (x) , c (x, t) ∈ R3>0 (5.1b)
on the maximal time interval of existence [0, T ).
Let p0 ∈ R3>0 be a blow-up point. As above, the rescaled solutions of the curves in p0
are deﬁned via
c˜
(
p, t˜
)
:= (2 (T − t))− 12 (c (p, t)− p0) , where t˜ := −1
2
log (T − t) . (5.2)
So, the rescaled solutions are deﬁned on the time interval
[−12 log T,∞) and evolve like
∂
∂t˜
c˜ = c˜+ H˜ + λ˜
with
H˜ = (2 (T − t)) 12 H, λ˜ := −1
r˜ + (2 (T − t))− 12 rp
e⊥1 , r˜ = (2 (T − t))−
1
2 (r − rp) ,
where r˜ := 〈c˜, e1〉 and rp := 〈p0, e1〉.
Using the backward heat kernel inR3 (cp. Deﬁnition 4.30), the following monotonicity
formula is valid for the perturbed ﬂow.
5.1. A monotonicity formula
Lemma 5.1. Let p0 ∈ R3>0, rp = 〈p0, e1〉 and ρp0 (resp. ρ˜) be the corresponding (modi-
ﬁed) heat kernel. For t ∈ [0, T ), t˜ ∈ [−12 log (T − t) ,∞), we have:
∂
∂t
∫
c
rρp0√
2 (T − t) dµ = −
∫
c
rρp0√
2 (T − t)
∣∣∣∣∣H + λ+ (c− p0)⊥2 (T − t)
∣∣∣∣∣
2
dµ+ rp
∫
c
ρp0√
2 (T − t)3
dµ
(5.3)
and
∂
∂t˜
∫
c˜
(
r˜ +
et˜√
2
rp
)
ρ˜dµ˜ =−
∫
c˜
(
r˜ +
et˜√
2
rp
)
ρ˜
(∣∣∣H˜ + λ˜+ c˜⊥∣∣∣2) dµ˜+ et˜√
2
rp
∫
c˜
ρ˜dµ˜.
(5.4)
If rp = 0, i. e. the singularity occurs on the plane of rotation, these equations give mono-
tonicity formulas for the (rescaled) perturbed ﬂow.
Proof. The time derivative of the backward heat kernel is given by
∂
∂t
ρp0 (c, t) = ρp0
(
1
2 (T − t) −
|c− p0|2
4 (T − t)2 −
〈
∂
∂tc, c− p0
〉
2 (T − t)
)
, (5.5)
and hence (3.5) and (3.7) imply
∂
∂t
∫
c
r√
2 (T − t)ρp0 dµ
=−
∫
c
r√
2 (T − t)ρp0
(
− 1
2 (T − t) +
|c− p0|2
4 (T − t)2 +
〈H + λ, c− p0〉
2 (T − t)
)
dµ
+
∫
c
(
∆r − r |λ|2
)
√
2 (T − t) ρp0 −
r√
2 (T − t)ρp0
(
|H|2 + 〈H,λ〉
)
dµ+
∫
c
r√
2 (T − t)3
ρp0 .
Using ∆r = −r 〈H,λ〉 we get
∂
∂t
∫
c
r√
2 (T − t)ρp0 dµ =−
∫
c
r√
2 (T − t)ρp0
(∣∣∣∣H + λ+ c− p02 (T − t)
∣∣∣∣2
)
dµ
+
∫
c
rρp0√
2 (T − t)3
(2 + 〈H + λ, c− p0〉) dµ. (5.6)
For an arbitrary diﬀerentiable vector ﬁeld Y : c→ R3, the divergence with respect to c
is deﬁned by div Y = gijδαβc
α
i
∂Y β
∂xj
(see for example [25]). If Y is normal, this implies
div Y = −gijδαβ ∂
2cα
∂xi∂xj
Y β = −〈H,Y 〉 .
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Hence, for a diﬀerentiable vector ﬁeld Y in R3, the divergence theorem yields:∫
M
div Y dµ =
∫
M
div Y > + div Y ⊥dµ = −
∫
M
〈H,Y 〉 dµ,
where > denotes the orthonormal projection onto the tangent bundle, and Y ⊥ is the
normal part of Y . For Y =
rρp0√
2(T−t)3
(c− p0) one computes
div
(
rρp0√
2 (T − t)3
(c− p0)
)
=
rρp0√
2 (T − t)3
+
ρp0√
2 (T − t)3
δαβ∇mrcαm (c− p0)β
− rρp0√
2 (T − t)5
(
δαβc
α
i (c− p0)β gijδγδcγi (c− p0)δ
)
=
ρp0√
2 (T − t)3
r − r
∣∣∣(c− p0)>∣∣∣2
2 (T − t) +
〈
e>1 , c− p0
〉 ,
where ∇nrgmncαm = δγδcγneδ1gmncαm = e>1 is used. Using the divergence theorem and
λ = −1re⊥1 , (5.6) becomes
∂
∂t
∫
c
r√
2 (T − t)ρp0dµ =−
∫
c
r√
2 (T − t)ρp0
∣∣∣∣∣H + λ+ (c− p0)⊥2 (T − t)
∣∣∣∣∣
2
 dµ
+
∫
c
ρp0√
2 (T − t)3
(
r −
〈
e>1 , c− p0
〉
−
〈
e⊥1 , c− p0
〉)
dµ
Here, the terms in the bracket in the second integral add up to rp.
For the rescaled solution one easily checks
∂
∂t˜
r˜ =
〈
H˜, e1
〉
+
〈
λ˜, e1
〉
+ r˜ = −
(
r˜ +
et˜√
2
rp
)(〈
H˜, λ˜
〉
+
∣∣∣λ˜∣∣∣2)+ r˜
∂
∂t˜
dµ˜ =
(
1−
(∣∣∣H˜∣∣∣2 + 〈H˜, λ˜〉)) dµ˜,
and hence
∂
∂t˜
∫
c˜
(
r˜ +
et˜√
2
rp
)
ρ˜dµ˜ =−
∫
c˜
(
r˜ +
et˜√
2
rp
)
ρ˜
(
|c˜|2 +
〈
c˜, H˜
〉
+
〈
c˜, λ˜
〉)
dµ˜
−
∫
c˜
(
r˜ +
et˜√
2
rp
)
ρ˜
(∣∣∣H˜∣∣∣2 + 〈H˜, λ˜〉− 1) dµ˜
−
∫
c˜
ρ˜
(
r˜ +
et˜√
2
rp
)(〈
H˜, λ˜
〉
+
∣∣∣λ˜∣∣∣2 − 1) dµ˜.
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As above the divergence theorem and
div
((
r˜ +
et˜√
2
rp
)
ρ˜c˜
)
=
(
r˜ +
et˜√
2
rp
)
ρ˜−
(
r˜ +
et˜√
2
rp
)
ρ˜
∣∣∣c˜>∣∣∣2 + ρ˜〈e>1 , c˜〉
yield
∂
∂t˜
∫
c˜
(
r˜ +
et˜√
2
rp
)
ρ˜dµ˜ =−
∫
c˜
(
r˜ +
et˜√
2
rp
)
ρ˜
(∣∣∣H˜ + λ˜+ c˜⊥∣∣∣2) dµ˜
+
∫
c˜
(
r˜ +
et˜√
2
rp
)
ρ˜
1 + 〈λ˜, c˜〉−(r˜ + et˜√
2
rp
)−1 〈
e>1 , c˜
〉
=−
∫
c˜
(
r˜ +
et˜√
2
rp
)
ρ˜
(∣∣∣H˜ + λ˜+ c˜⊥∣∣∣2) dµ˜+ et˜√
2
rp
∫
c˜
ρ˜dµ˜
In the previous proof, it is essential not to integrate ρp0 , as in the case of the mean
curvature ﬂow, but to multiply by r. Otherwise the terms coming from the perturbation
of the ﬂow would not cancel out in this nice way. Moreover, we do not expect to get a
better formula.
Integrating the monotonicity formula in time gives:
Corollary 5.2. Let p0 be a blow-up point with rp0 = 〈p0, e1〉 = 0. Then for all  > 0,
there exists a time ϑ <∞ such that∫ ∞
ϑ
∫
c˜
r˜ρ˜
(∣∣∣H˜ + λ˜+ c˜⊥∣∣∣2) dµ˜dt˜ < . (5.7)
As in [38], this implies
Theorem 5.3. Assume that
(
C0
T−t 6
)
maxt
(
1
r2
)
6 C1T−t and
(
C2
T−t 6
)
maxt |H|2 6 C3T−t
for some C0, . . . , C3 > 0. Let p0 be a blow-up point with rp = 〈e1, p0〉 = 0 such that
there exists a point p and a sequence {tn} with
lim
n→∞ c (p, tn) = p0, limn→∞ |H (p, tn)|
2 =∞, lim
n→∞ |λ (p, tn)|
2 =∞,
i. e. the occurring singularity is of type-I and both, the curvature of the curve and the
curvature coming from the rotation, blow up. Then for every compact set K ⊂ R
there exists a subsequence of {tn} along which the rescalings c˜n = c˜
(·, t˜n) considered as
periodic curves on R converge in C∞ (K) to some limit c˜∞ with c˜⊥∞ = −H˜∞ − λ˜∞.
Proof. Note that c˜n (p) = c˜
(
p, t˜n
)
remains bounded as n → ∞. Furthermore, in this
setting as in the proof of Proposition 4.33, every blow-up sequence (p, tn) is essential.
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Since
∣∣∣H˜∣∣∣, ∣∣∣H˜∣∣∣ and ∣∣∣λ˜∣∣∣ are bounded the proof of convergence is exactly the same as
in Theorem 4.24, but for convenience the proof will be outlined. Again, think of c˜ as
periodic curves c˜n : R→ R3>0 with parametrization u such that
∂
∂u
c˜n =
√
2 (T − tn) ∂
∂x
c˜n
(
=
∂
∂x
c
)
.
Since (p, tn) is an essential blow-up sequence, all higher derivatives
∣∣∣∇NH˜n (u)∣∣∣2 are
bounded (cp. (4.26)):
ρN+1
∣∣∣∇NH˜n (u)∣∣∣2 = ρN+1 (2 (T − tn))N+1 ∣∣∇NH (u, tn)∣∣2
6 c˜NρN+1 (2 (T − tn))N+1MsN+1 6 dN (2 (T − tn))N+1 |H (p, tn)|2N+2 6 cn, (5.8)
where the ﬁrst inequality is comes from Proposition 4.5, the second inequality is due to
the fact that the curvature of the curves blows up with the same rate as |λ| and the
third inequality is valid by deﬁnition.
Hence, the Arzelà-Ascoli theorem implies the convergence of Tn :=
∂
∂u c˜ along a sub-
sequence (p, tnk) to a smooth limit T∞. Integration gives a smooth, non empty limit
c˜∞. Since C1 6 max H˜n 6 C2, the limit is not trivial.
Remember the evolution equation of r (cp. (3.7))
∂
∂t
r = ∆r − r |λ|2 > ∆r − 1
r
.
The maximum principle implies
min r (s)2 −min r (t)2 > −2 (s− t)
and thus, if min r (s)→ 0 as s→ T ,
max
t
(
1
r2
)
> C0
2 (T − t)
and therefore, λ˜∞ is not trivial. Furthermore, the assumption maxt
(
1
r2
)
6 C1T−t leads
to inf r˜∞ > 0, so that r˜∞ does not vanish. Corollary 5.2 now implies∣∣∣c˜⊥∞ + H˜∞ + λ˜∞∣∣∣2 = 0.
Remark 5.4. Let c0 be a solution to c0 = −H0 − λ0. Then the generated sur-
face F (x, φ) = (c (x) , φ) is a self-shrinker to the mean curvature ﬂow, in cylindrical
coordinates (cp. Section B.1) one computes(
F⊥ (x, φ)
)α ∂
∂zα
=
(
Fα − hβ γF βF γmg¯mnFαn
) ∂
∂zα
=
(
c⊥, 0
)
= − (H + λ, 0) = −H
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Hence, each self-shrinker to the perturbed ﬂow leads to a self-shrinker of the mean
curvature ﬂow and vice versa.
Theorem 5.3 can be reformulated in terms of the surface. Therefore, recall the rescal-
ing of M (see (4.27)):
F˜
(
p, φ, t˜
)
:= (2 (T − t))− 12 (F (p, φ, t)− (p0, 0)) , t˜ := −1
2
log (T − t)
Note that since here rp := 〈e1, p0〉 = 0, the plane of rotation is ﬁxed under the rescaling.
y2
y1
p0 ctn
c˜t˜n
Figure 5.1.: Rescaling does not change the plane of rotation.
Corollary 5.5. Let F : S1 × S1 × [0, T )→ R4 be a rotationally symmetric solution to
the mean curvature ﬂow such that the conditions of Theorem 5.3 are satisﬁed. Then the
rescalings F˜ (·, tn) converge along a subsequence to some limit F˜∞ with F˜⊥∞ = −H.
5.1.1. Notes on self-similar solutions to the perturbed ﬂow
Proposition 5.6. Let γ : S1 → R2 be one of the Abresch-Langer curves, then c : S1 →
R
3
>0 deﬁned as c0 (·) := (1, γ (·)) is a self-similar solution to the perturbed ﬂow, thus
c (·, t) = √1− 2tc (·) is a self-shrinker satisfying the conditions of Theorem 5.3.
Proof. By deﬁnition of c, its curvature vector H and the perturbation vector λ are given
by
H = (0, Hγ) , λ = −1
r
e⊥1 = −e1.
Hence, c⊥ = −H − λ follows since γ is an Abresch-Langer curve.
Since the self-shrinkers to the curve shortening ﬂow, i. e. the Abresch-Langer curves,
are convex, it is a natural question to ask, if a similar condition is satisﬁed for planar
self-shrinkers to the perturbed ﬂow, too.
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Remark 5.7. Let c be a solution to c⊥ = −H−λ, with H 6= 0 and τ = 0, i. e. c lies in
a plane E2 ⊂ R3. Then E contains the ﬁrst coordinate vector ﬁeld e1 of R3 or e1 ⊥ E.
This follows easily from diﬀerentiating the equality c⊥ = −H−λ once more. Regard c
as a curve in R3 and use the Frenet-equations (3.13) and equality for the ﬁrst derivative
of λ (B.6c) to get
− 〈c,H〉T − 〈c, T 〉H = ∇T
(
c⊥
)
= −∇T (H + λ)
= T
(
|H|2 + 〈H,λ〉
)
− ν
(
∇T |H|+ 1
r
∇T (r) |H|
)
−B
(
τ (T ) |H| − 1
r
∇T (r) 〈B, λ〉
)
,
where T is the unit tangent vector ﬁeld given by the orientation of c. Hence c is planar
if and only if r = const, which means e1 ⊥ E, or 〈λ,B〉 = 0. But the latter case implies
that λ ∈ E and therefore, e1 ∈ E.
The case r = const was studied in Proposition 5.6. Let c be a solution to c⊥ = −H−λ
lying in a plane E with e1 ∈ E. Obviously, the perturbed ﬂow (5.1) is invariant under
rotation ρ in R3 with ρ (e1) = e1
1. Hence, without loss of generality E is the y1y2-plane.
Angenent proved in [10] that there exists solutions c ⊂ E to the perturbed ﬂow (5.1).
In fact, his results formulated in this setting are
Theorem 5.8. There exists a solution c ⊂ E to c⊥ = −H − λ which is simple closed,
symmetric with respect to reﬂection in the y1-axis and stays away from the y2-axis.
y2
y1
c
R∗
r∗
θ
Figure 5.2.: Self-similar torus
The curve is convex as long as r (x) >
√
2 and 0 6 θ < pi2 , where θ is the angle
described by the tangent vector and the y2-axis (see Figure 5.2.), but it has not to be
convex in general. So, the next question to ask is, if the generated surface satisﬁes some
nice curvature conditions like mean-convexity2.
1〈ρ (c) , e1〉 = 〈ρ (c) ρ (e1)〉 = 〈c, e1〉 = r and ρ
(
e⊥1
)
= ρ (e1) − 〈e1, T 〉 ρ (T ) = e1 − 〈e1, T 〉 ρ (T ) imply
that ρ (λ) = λρ, where λρ is the perturbation vector for the transported curve ρ (c).
2A hypersurface Mn is called mean-convex, if the sum of the two smallest principle curvatures is
greater than zero: λ1 + λ2 > 0 if λ1 < λ2 < . . . < λn (see for example [41]).
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Angenent showed that the curve intersects the y1-axis at some points R∗ and r∗. It
follows from his calculations that the scalar mean curvature of the generated surface has
diﬀerent signs in these intersection-points: Let ν¯ be the inwarding unit normal vector
ﬁeld of M and k, l the principle curvatures, then k + l > 0 on the orbit of radius R∗,
k + l < 0 on the orbit of radius r∗, i. e.M is not mean-convex.
After studying the planar self-shrinkers to the perturbed ﬂow, the spherical self-
shrinkers will be characterized in Corollary 5.10 and it will be shown that they are
planar, too. The following theorem was proved by Smoczyk in [57, Theorem 1.1]:
Theorem 5.9. Let Mn ⊂ Rm, n > 2, be a compact self-shrinker. Then M is spherical
if and only if H 6= 0 and ∇¯⊥ν¯ = 0, where ν¯ := 1|H|H is the principle unit normal vector
ﬁeld of M .
It implies:
Corollary 5.10. c (x) = (1, cosx, sinx), x ∈ [0, 2pi) is up to scaling and reparametriza-
tion the only spherical self-shrinker,i. e. the generated surface M is a ﬂat torus.
Proof. Let c : S1 → S2 (√m) be any spherical self-shrinker on a sphere of radius √m.
First note, that 〈c, λ〉 = −1r
〈
c, e⊥1
〉
= −1r 〈c, e1〉 = −1 leads to m = 2 since
0 = gij∇i∇j |c|2 = 2 〈H, c〉+ 2 = 2
(
− |c|2 − 〈λ, c〉+ 1
)
= 2 (−m+ 2) .
Secondly, one easily computes
|λ|2 = 1
r2
∣∣∣e⊥1 ∣∣∣2 = 1r2 (1− |∇r|2) , |H|2 = |c+ λ|2 = |λ|2 = 1r2 (1− |∇r|2) , (5.9a)
|H|2 = |H + λ|2 = |c|2 = 2, 2 〈H,λ〉 = |H|2 − 2 |H|2 = 2
(
1− 1− |∇r|
2
r2
)
. (5.9b)
Since the generated surfaces Mt evolving under the mean curvature ﬂow are of codi-
mension two, Theorem 5.9 leads to
∇¯⊥ν¯ = 0⇐⇒ τ¯ = 0, (5.10)
where ν¯ = 1|H|H = 1√2 (H + λ) is the principle unit normal vector ﬁeld of M , τ¯ :=〈∇¯⊥ν¯, B¯〉 is the torsion 1-form, B¯ := Jν¯ is the unit binormal vector ﬁeld (here, J
denotes the complex structure on the normal bundle NM).
Now, it is necessary to compute the torsion of the surface in terms of the curve's tor-
sion. Therefore, note that τ¯
(
∂
∂φ
)
= 0, where φ is the angle-parameter of the rotation3.
Hence, (5.10) implies
τ¯1 = τ¯
(
∂
∂x
)
=
〈∇¯1ν¯, B¯〉R4 = 12
〈
∂
∂x
(H + λ) , JNc (H + λ)
〉
R3
,
3 F (x, φ) =
(
r (x) cosφ, c2 (x) , c3 (x) , r (x) sinφ
)
in euclidean coordinates on R4,
F (x, φ) =
(
r (x) , c2 (x) , c3 (x) , φ
)
in cylindrical coordinates on R4. Compare Section B.1.
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where the normal space NF (x1,x2)M is identiﬁed with the normal space of the generating
curve Nc(x1)c and JNc is the complex structure on the normal bundle of c.
As usual, B denotes the unit binormal of the curve. If H 6= 0, the Frenet equations
(3.13) and the ﬁrst (covariant) derivative of λ along the curve (cf. (B.6c)) yield
2τ¯1 =
∂ |H|
∂x
〈ν, JNcλ〉+ |H| τ1 〈B, JNc (H + λ)〉+ 1
r
∂r
∂x
(−〈λ, JNcH〉+ 〈H,JNcλ〉)
= −∂ |H|
∂x1
〈B, λ〉+ |H|2 τ1 + |H| τ1 〈ν, λ〉 − 21
r
∂r
∂x1
|H| 〈B, λ〉
= τ1
(
|H|2 + 〈H,λ〉
)
− 〈B, λ〉
(
2 |H| 1
r
∂r
∂x1
+
∂ |H|
∂x1
)
. (5.11)
On the other hand, the torsion of a curve can be computed as the determinant of the
ﬁrst three partial derivatives4 of the curve or equivalently (T denotes the unit tangent
vector)
|H|2τ1 = det (T,H,∇1H) = det (T, c+ λ,∇1 (c+ λ)) = det (T, c+ λ,∇1λ)
= −1
r
∂r
∂x
det (T, c, λ) = −1
r
∂r
∂x
〈T × c, λ〉 = −1
r
∂r
∂x
|H| 〈B, λ〉 (5.12)
Using |H|2 + 〈H,λ〉 = 1, we muliply (5.11) with |H|2, and (5.10) yields
0 = −〈B, λ〉
(
3 |H| 1
r
∂r
∂x
+
∂ |H|
∂x
)
, (5.13)
where the term in the bracket computes to
3 |H|1
r
∂r
∂x
+
∂ |H|
∂x
= 3
√
1− |∇r|2
r2
∂r
∂x
− ∇mr∇1∇
mr
r
√
1− |∇r|2
−
√
1− |∇r|2
r2
∂r
∂x
=2
√
1− |∇r|2
r2
∂r
∂x
+
〈H,λ〉√
1− |∇r|2
∂r
∂x
=
∂r
∂x

√
1− |∇r|2
r2
+
1√
1− |∇r|2
 . (5.14)
The term
√
1−|∇r|2
r2
+ 1√
1−|∇r|2
is strictly positive whenever H 6= 0, hence, (5.13) implies
〈B, λ〉 = 0 or r = const. The corollary follows after excluding the ﬁrst case, because if
r is constant, the curve c =
(
r, c2, c3
)
=: (r, γ) is a solution to c⊥ = −H − λ if and only
if, r = 1 and γ is a spherical self-shrinker to the mean curvature ﬂow, hence γ is the
unit circle.
If 〈B, λ〉 = 0, (5.12) implies that τ vanishes whenever H 6= 0. Since c is also a subset
of S2
(√
2
)
, the chain rule for the mean curvature vector implies that the curvature of
c as a subset of R3 cannot vanish. Hence, Lemma 3.6 shows that c has to be totally
4τ1 =
1
|H|2|c˙|6 det (c˙, c¨,
...
c ), ˙ denotes the partial derivative with respect to x.
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planar, for instance, let E denote the plane with c ⊂ E. Then B is normal to E, and
〈λ,B〉 = 0 yields that 〈e1, B〉 = 0, i. e. e1 ∈ E. But r > 0 is a necessary condition
on c, which contraditcs c = E ∩ S2 (√2). Hence the case 〈λ,B〉 = 0 cannot occur for
spherical self-shrinker.
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In this chapter, the evolution equations used in Chapter 2 are derived in details. The
equations that will be deduced are valid for every immersed starting manifold M0 in
euclidean space. For the sake of completeness we recall some notations.
A.1. Notations
The local coordinates on M are denoted by
(
xi
)
i=1,...,n
, the coordinates on Rm by
(yα)α=1,...,m. Doubled latin and greek indices are summed from 1 to n resp. from 1 to
m. In local coordinates the diﬀerential dF is given by
dF = Fαi
∂
∂yα
⊗ dxi,
where Fα := yα (F ) and Fαi :=
∂Fα
∂xi
.
Let δ = δαβdy
α ⊗ dyβ be the euclidean metric on Rm then the coeﬃcients of the
induced metric on M are
g¯ij = δαβF
α
i F
β
j .
As usual, the Christoﬀel symbols are
Γ¯kij =
1
2
g¯kl (g¯il,j + g¯jl,i − g¯ij,l) ,
where g¯il,j =
∂g¯il
∂xj
.
The Levi-Civita connection of M is denoted by ∇¯. The canonically induced connec-
tions on the pullback of the surrounding space F−1TRm or on the cotangent bundle
T ∗M of M are also denoted by ∇¯. ∆¯ is the Laplace-Beltrami-Operator. Then the
second fundamental form is deﬁned by
A = ∇¯dF =: Aαij
∂
∂yα
⊗ dxi ⊗ dxj with Aαij = Fαij − FαmΓ¯mij ,
where Fαij :=
∂2Fα
∂xi∂xj
. By deﬁnition A is a section in F−1TRm ⊗ T ∗M ⊗ T ∗M and
a standard computation shows that A is normal, i. e A ∈ Γ (NM ⊗ T ∗M ⊗ T ∗M),
where NM denotes the normal bundle of M . In particular, the mean curvature vector
H = Hα ∂∂yα with Hα = g¯ijAαij satisﬁes δαβHαF βj = 0 for all j.
A.2. Evolution equations for an immersed manifold in euclidean space
The Riemannian curvature tensor on M is given by
R¯ (W,Z,X, Y ) = g¯
(∇¯X∇¯Y Z − ∇¯Y ∇¯XZ − ∇¯[X,Y ],W )
with local expression
R¯klij = R¯klij
(
∂
∂xk
,
∂
∂xl
,
∂
∂xi
,
∂
∂xj
)
= g¯kn
(
∂Γ¯njl
∂xi
− ∂Γ¯
n
il
∂xj
+ Γ¯nimΓ¯
m
jl − Γ¯njmΓ¯mil
)
. (A.1)
Since M is immersed in euclidean space, the Gauß equation on M simplify to
R¯klij = δαβ
(
AαkiAβlj −AαkjAβli
)
(A.2)
Furthermore, we have the Codazzi equation
∇¯iAαjk = ∇¯jAαik − FαmR¯mkij , (A.3)
the rule for interchanging covariant derivatives
∇¯k∇¯lAαij = ∇¯l∇¯kAαij −AαimR¯mjkl −AαmjR¯mikl (A.4)
and the Bianchi identities
R¯klij + R¯kijl + R¯kjli = 0 (A.5a)
∂
∂xm
R¯klij +
∂
∂xl
R¯mkij +
∂
∂xk
R¯lmij = 0. (A.5b)
The Codazzi equation, the rule for interganging derivatives and the second Bianchi
identity the Simons' identity imply
∇¯l∇¯kHα =∆¯Aαlk − 2g¯ijAαjmR¯mkli −AαmkR¯ml −AαlmR¯mk
− Fαm
(∇¯lR¯mk + ∇¯kR¯ml − ∇¯mR¯kl) (A.6)
A.2. Evolution equations for an immersed manifold in
euclidean space
Since Ft is a smooth one-parameter family evolving under mean curvature ﬂow, we get
∂
∂t
Fαi = ∇i
∂
∂t
Fα = ∇¯iH
and hence
∂
∂t
g¯ij = δαβ
∂
∂t
Fαi F
β
j + δαβF
α
i
∂
∂t
F βj = δαβ∇¯iHαF βj + δαβ∇¯jHβFαi
= −2δαβHαAβij =: −2a¯ij (A.7)
∂
∂t
dη =
1
2
√
det g
g¯ij
∂
∂t
g¯ij det g dx =
1
2
(−2g¯ij a¯ij) dη = − |H|2 dη, (A.8)
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where dη =
√
det g¯ dx is the volume form of M . The Christoﬀel symbols fulﬁl
∂
∂t
Γ¯kij =
1
2
g¯kl
(
∇¯i ∂
∂t
g¯lj + ∇¯j ∂
∂t
g¯li − ∇¯l ∂
∂t
g¯ij
)
= −g¯kl (∇¯ia¯lj + ∇¯j a¯il − ∇¯la¯ij) . (A.9)
This is true in normal coordinates and since (A.9) is a equation between tensors, it is
independent of the choice of the local coordinates.
Now, the evolution equations of the second fundamental form and its higher covariant
derivatives can be computed. The expression of the Riemannian curvature tensor in
terms of the Christoﬀel symbols (A.1), equation (A.9) and Simons' equation (A.6) imply
∂
∂t
Aαlk =∇¯l
∂
∂t
Fαk − FαmR¯mktl = ∇¯l∇¯kHα − Fαm
∂
∂t
Γ¯mlk
=∆¯Aαlk − 2g¯ijAαjmR¯mkli −AαmkR¯ml −AαlmR¯mk
− Fαm
(∇¯lR¯mk + ∇¯kR¯ml − ∇¯mR¯kl + ∇¯la¯mk + ∇¯ka¯ml − ∇¯na¯lk) ,
where a¯ij = δαβAαijHβ and b¯ij := δαβ g¯klAαikAβjl. The Gauß equation (A.2) gives R¯ij =
a¯ij − b¯ij , and the evolution equation of Aαkl becomes:
∂
∂t
Aαkl =∆¯Aαlk − 2g¯ijAαjmR¯mkli −AαmkR¯ml −AαlmR¯mk
+ Fαm
(∇¯lb¯mk + ∇¯k b¯ml − ∇¯mb¯kl) . (A.10)
From the evolution equation for the metric (A.7), it follows that
∂
∂t
|A|2 = ∆¯ |A|2 − 2 ∣∣∇¯A∣∣2 − 4g¯ijAαjmR¯mkliAαkl − 4AαlmAαlkR¯mk + 4a¯ij b¯ij .
Furthermore, (A.10) and (A.7) imply
∂
∂t
Hα =∆Hα + Fαm
(
2∇nb¯mn −∇m |A|2
)
+ 2a¯klAαkl
=∆Hα + 2FαmAβim∇iHβ + 2a¯klAαkl (A.11)
and
∂
∂t
|H|2 = ∆ |H|2 − 2 |∇H|2 + 4a¯kla¯kl
= ∆ |H|2 − 2 |∇iHα + a¯mi Fαm|2 + 2a¯ij a¯ij . (A.12)
To give an idea, how complicated the evolution equations for the higher derivatives
of the second fundamental form become even in the euclidean space, the evolution
equation for the ﬁrst derivative of the second fundamental form is determined, too.
Using Codazzi's equation (A.3), one gets
∇¯lb¯mk + ∇¯k b¯ml − ∇¯mb¯kl = ∇¯l
(AαikAαim)+ ∇¯k (AαilAαim)− ∇¯m (Aαil Aαik)
= 2Aαim∇¯iAαkl
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and (A.10) gives
∂
∂t
∇¯iAαkl =∇¯i
∂
∂t
Aαkl −Aαkm
∂
∂t
Γ¯mli −Aαlm
∂
∂t
Γ¯mki
=∇¯i
(
∆¯Aαlk − 2g¯rsAαsmR¯mklr −AαmkR¯ml −AαlmR¯mk
)
+ 2AαimAβnm∇¯nAβkl + 2Fαm∇¯iAβnm∇¯nAβkl + 2FαmAβnm∇¯i∇¯nAβkl
−Aαkm
∂
∂t
Γ¯mli −Aαlm
∂
∂t
Γ¯mki
Interchanging the covariant derivative and the Laplace operator leads to
∇¯i∆¯Aαkl =g¯mn∇¯m∇¯i∇¯nAαkl − ∇¯sAαklR¯si + ∇¯mAαksR¯s ml i + ∇¯mAαlsR¯s mk i
=∆¯∇¯iAαkl + g¯mn∇¯m
(AαksR¯slni +AαslR¯skni)
− ∇¯sAαklR¯si + ∇¯mAαksR¯s ml i + ∇¯mAαlsR¯s mk i
=∆¯∇¯iAαkl + 2∇¯mAαksR¯s ml i + 2∇¯mAαlsR¯s mk i − ∇¯sAαklR¯si
+Aαks∇¯mR¯s ml i +Aαls∇¯mR¯s mk i.
Inserting the evolution equation for the Christoﬀel symbols (A.9) yields
∂
∂t
∇¯iAαkl =∆¯∇¯iAαkl + 2∇¯mAαksR¯s ml i + 2∇¯mAαlsR¯s mk i − ∇¯sAαklR¯si
+Aαks∇¯mR¯s ml i +Aαls∇¯mR¯s mk i − ∇¯i
(
2g¯rsAαsmR¯mklr +AαmkR¯ml +AαlmR¯mk
)
+ 2AαimAβnm∇¯nAβkl + 2Fαm∇¯iAβnm∇¯nAβkl + 2FαmAβnm∇¯i∇¯nAβkl
−Aαkm
∂
∂t
Γ¯mli −Aαlm
∂
∂t
Γ¯mki
=∆¯∇¯iAαkl + 2∇¯mAαksR¯s ml i + 2∇¯mAαlsR¯s mk i − ∇¯sAαklR¯si
+Aαks
(∇¯sR¯li − ∇¯lR¯si − ∇¯iR¯sl )+Aαls (∇¯sR¯ki − ∇¯kR¯si − ∇¯iR¯sk)
+ 2∇¯iAαsmR¯m sk l − ∇¯iAαmkR¯ml − ∇¯iAαmlR¯mk + 2Aαsm∇¯iR¯m sk l
+ 2AαimAβnm∇¯nAβkl + 2Fαm∇¯iAβnm∇¯nAβkl + 2FαmAβnm∇¯i∇¯nAβkl
+Aαks
(∇¯ia¯sl + ∇¯la¯si − ∇¯sa¯li)+Aαls (∇¯ia¯sk + ∇¯ka¯si − ∇¯sa¯ki)
=∆¯∇¯iAαkl + 2∇¯mAαksR¯s ml i + 2∇¯mAαlsR¯s mk i − ∇¯sAαklR¯si + 2AαksAβsm∇¯mAβli
+ 2AαlsAβsm∇¯mAβki + 2∇¯iAαsmR¯m sk l − ∇¯iAαmkR¯ml − ∇¯iAαmlR¯mk
+ 2Aαsm∇¯iR¯m sk l + 2AαimAβnm∇¯nAβkl
+ 2Fαm∇¯iAβnm∇¯nAβkl + 2FαmAβnm∇¯i∇¯nAβkl,
where again R¯li = a¯li − b¯li and ∇¯lb¯mk + ∇¯k b¯ml − ∇¯mb¯kl = 2Aαim∇¯iAαkl was used.
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Simplifying these terms gives
∂
∂t
∇¯iAαkl =∆¯∇¯iAαkl + 2∇¯mAαksR¯s ml i + 2∇¯mAαlsR¯s mk i − ∇¯sAαklR¯si
+ 2∇¯iAαsmR¯m sk l − ∇¯iAαmkR¯ml − ∇¯iAαmlR¯mk
+ 2AαksAβsm∇¯iAβlm + 2AαlsAβsm∇¯iAβkm
+ 2AαimAβnm∇¯nAβkl + 2Fαm∇¯iAβnm∇¯nAβkl + 2FαmAβnm∇¯i∇¯nAβkl
+ 2Aαsm∇¯iR¯m sk l. (A.13)
The norm evolves like
∂
∂t
∣∣∇¯iAαkl∣∣2 =∆¯ ∣∣∇¯iAαkl∣∣− 2 ∣∣∇¯j∇¯iAαkl∣∣2 + 8∇¯iAαkl∇¯jAαksR¯slji − 2R¯ij∇¯iAαkl∇¯jAαkl
+ 4∇¯iAαkl∇¯iAsmα R¯mksl − 4∇¯iAαkl∇¯iAαmkR¯ml
+ 8∇¯iAαkl2AαksAβsm∇¯iAβlm + 4∇¯iAαklAαimAβnm∇¯nAβkl
+ 4∇¯iAαklAsmα ∇¯iR¯mksl + 2a¯ij∇¯iAαkl∇¯jAαkl + 4a¯nm∇¯iAαkm∇¯iAαkn
+ 4Fαm∇¯iAβnm∇¯nAβkl∇¯iAklα + 4FαmAβnm∇¯i∇¯nAβkl∇¯iAklα
=∆¯
∣∣∇¯iAαkl∣∣− 2 ∣∣∇¯j∇¯iAαkl∣∣2
+ 8
∣∣∣∇¯nAαkmAβmn∣∣∣2 − 8∇¯iAαkl∇¯jAαksAβsi Aβlj + 2bij∇¯iAαkl∇¯jAαkl
+ 4
∣∣∣∇¯iAαnmAβmn∣∣∣2 − 4∇¯iAαkl∇¯iAsmα AβksAβlm + 4bmn ∇¯iAαkn∇¯iAαmk
+ 8
∣∣∣∇¯iAαmkAαml∣∣∣2 + 4 ∣∣∣∇¯nAαklAαni∣∣∣2 + 4∇¯iAαklAsmα ∇¯iR¯mksl
− 4AαimAklα ∇¯iAβnm∇¯nAβkl + 4Fαm∇¯iAklαAβnm∇¯i∇¯nAβkl (A.14)
More imprecisely: There exist constants d1, d2 only depending on the dimension and
the codimension of M, such that
∂
∂t
∣∣∇¯A∣∣2 6 ∆¯ ∣∣∇¯A∣∣2 − 2 ∣∣∇¯2A∣∣2 + d1 |A|2 ∣∣∇¯A∣∣2 + d2 |A| ∣∣∇¯A∣∣ ∣∣∇¯2A∣∣ . (A.15)
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surfaces
First, the perturbed ﬂow for the generating manifolds c is determined via computing
the second fundamental form of M in cylindrical coordinates. Secondly, the evolution
equations stated in Chapter 3 are proved.
B.1. Cylindrical coordinates and the mean curvature vector
Let c : [0, 2pi)n → Rm>0 be a smooth immersed compact manifold in the halfspaceRm>0 :={
y ∈ Rm; y1 > 0} ⊂ Rm+1. Deﬁne the immersed manifold F : [0, 2pi)n+1 →M ⊂ Rm+1
generated by c such that M is invariant under all rotations in the y1ym+1-plane:
M := F ([0, 2pi)n × [0, 2pi[)
:=
{(
c1 (x) cosxn+1, c2 (x) , . . . , cn+2 (x) , c1 (x) sinxn+1
) ∈ Rm+1;
x ∈ [0, 2pi)n , xn+1 ∈ [0, 2pi[} .
Let yα, α = 1, . . . ,m + 1, be the euclidean and
(
z1, . . . , zm+1
)
=
(
r, y2, . . . , ym, φ
)
be the cylindrical coordinates on Rm+1. Then y1 = r cosφ, ym+1 = r sinφ and ∂∂r =
cosφ ∂
∂y1
+ sinφ ∂
∂ym+1
. The coeﬃcients of the euclidean metric hαβ and the Christoﬀel
symbols Dαβγ on R
m+1 are given in cylindrical coordinates by
hαβ (z) = δαβ for α, β = 1, . . . ,m, hm+1m+1 (z) =
(
z1
)2
D1αβ (z) = 0 for α, β = 1, . . . ,m, D
1
m+1m+1 = −z1
Dm+1αβ (z) = 0 for α, β = 1, . . . ,m+ 1, (m+ 1, 1) 6= (α, β) 6= (1,m+ 1)
Dm+11m+1 (z) =
1
z1
= Dm+1m+1 1 (z)
Dγαβ = 0 for γ = 2, . . . ,m, α, β = 1, . . . ,m+ 1
Consider Rm>0 as a subspace of R
m+1. The local coordinates on c are denoted by
x =
(
xi
)
i=1,...,n
(resp. on Rm by (yα)α=1,...,m).
In cylindrical coordinates, F is written as F
(
x, xn+1
)
=
(
c1 (x) , . . . , cm (x) , xn+1
)
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and hence,
Fαl
∂
∂zα
:=
∂Fα
∂xl
∂
∂zα
=
(
∂c1
∂xl
, . . .
∂cm
∂xl
, 0
)
, for l = 1, . . . n,
Fαn+1
∂
∂zα
=
∂Fα
∂xn+1
∂
∂zα
= (0, . . . , 0, 1) .
Thus, the induced metric g¯ij = hαβF
α
i F
β
j on M is given by
g¯ij = δαβc
α
i c
β
j , for i, j = 1, . . . , n, g¯i n+1 = 0, g¯n+1n+1 = r
2 :=
(
c1
)2
,
and the coeﬃcients of the induced metric on c are gij = δαβc
α
i c
β
j = g¯ij for i, j = 1, . . . n.
In the following, Γkij denote the Christoﬀel symbols on c. The Christoﬀel symbols Γ¯
k
ij
on M are given by
Γ¯kij
(
x, xn+1
)
= Γkij (x) , Γ¯
k
i n+1
(
x, xn+1
)
= 0 for k, i, j = 1, . . . , n,
Γ¯kn+1n+1 = −gkl (x)
(
c1l (x) c
1 (x)
)
= −gklr (x) ∂r
∂xl
(x) for k = 1, . . . , n,
Γ¯n+1ij
(
x, xn+1
)
= 0 for i, j = 1, . . . , n, Γ¯n+1n+1n+1
(
x, xn+1
)
= 0,
Γ¯n+1i n+1
(
x, xn+1
)
=
1
(c1 (x))2
c1i (x) c
1 (x) =
1
r (x)
∂r
∂xi
(x) for i = 1, . . . , n.
The second fundamental form A = ∑16α6m+1
16i,j6n+1
Aαij ∂∂yα ⊗ dxi ⊗ dxj of M computes in
cylindrical coordinates to
Aαij
(
x, xn+1
)
= Fαij − FαmΓ¯mij + F γi F βj Dαγβ = cαij − cαmΓmij
= Aαij (x) for α = 1, . . . ,m, i, j = 1, . . . , n
Aαn+1n+1
(
x, xn+1
)
= −FαmΓ¯mn+1n+1 + F γn+1F βn+1Dαβγ
= cαmg
mlc1l c
1 − c1δ1α = −c1
(
δ1α − cαmgmlc1l
)
for α = 1, . . . ,m
Aαi n+1 = −FαmΓ¯min+1 + F γi F βn+1Dαβγ = 0 for α = 1, . . . ,m, i = 1, . . . n
Am+1ij
(
x, xn+1
)
= Fm+1ij − Fm+1m Γ¯mij + F γi F βj Dm+1γβ
= −Fm+1n+1 Γ¯n+1ij + F 1i Fm+1j Dm+11m+1 + Fm+1i F 1j Dm+1m+11
= 0 for all i, j = 1, . . . , n+ 1,
where A =
∑
16α6m
16i,j6n
Aαij
∂
∂yα ⊗ dxi ⊗ dxj is the second fundamental form on c.
The mean curvature vector H of M is given by
Hα = g¯ijAαij = gijAαij +
1
(c1)2
Aαn+1n+1 =: Hα + λα for α = 1, . . . ,m, (B.1)
Hm+1 = 0, (B.2)
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where Hα is the mean curvature vector of C, and λα := 1
(c1)2
Aαn+1n+1 denotes a vector
due to the rotation:
λα = − 1
c1
(
δ1α − cαmgmlc1l
)
= − 1
c1
(
∂
∂z1
− δ1βcβmgmlcαl
)
= − 1
c1
(
∂
∂z1
)⊥
.
Here, ⊥ is the orthogonal projection to NM . From now on write
e1 :=
∂
∂z1
= cos zm+1
∂
∂y1
+ sin zm+1
∂
∂ym+1
r = c1 (x) = 〈c (x) , e1〉 .
Then the perturbation vector is given by
λ = −1
r
(er)
⊥ . (B.3)
Note that here 〈·, ·〉 is the scalar product on Rm+1, but 〈·, ·〉 is used also for the scalar
product given by the metric g on Tc or by the induced metric on c−1TRm. It will
become clear out of the context which scalar product is used.
Let ∇¯ (resp. ∇) denote the induced connection on F−1TRm+1 (resp. c−1TRm). Then
the norm of the higher covariant derivatives of the second fundamental forms of c is
bounded by the corresponding norm on M :∣∣∇NA∣∣2 6 ∣∣∇¯NA∣∣2 , for N 6 0. (B.4)
This follows easily from the representation in cylindrical coordinates, here for N = 1:
hαβ g¯
ij g¯rsg¯kl∇¯kAαir∇¯lAαjs
=δαβg
ijgrsgkl∇kAαir∇lAαjs + r2g¯ij g¯rsg¯kl∇¯kAm+1ir ∇¯lAm+1js
+
1
r2
hαβg
ijgrs∇¯n+1Aαir∇¯n+1Aαjs +
2
r2
hαβg
ijgrs∇¯rAαin+1∇¯sAαjn+1
+
4
r4
hαβg
ij∇¯n+1Aαin+1∇¯n+1Aαjn+1 +
2
r4
hαβg
rs∇¯rAαn+1n+1∇¯sAαn+1n+1
+
1
r6
hαβ∇¯n+1Aαn+1n+1∇¯n+1Aαn+1n+1.
Note that in terms referring to the immersion F , latin indices are summed from 1 to
n+ 1 whereas contractions due to the metric on c contain only summands from 1 to n:
g¯ij∇¯kAαir∇¯lAαjs =
∑
16i,j6n+1
g¯ij∇¯kAαir∇¯lAαjs
=
∑
16i,j6n
gij∇¯kAαir∇¯lAαjs +
1
r2
∇¯kAαn+1r∇¯lAαn+1s
= gij∇¯kAαir∇¯lAαjs +
1
r2
∇¯kAαn+1r∇¯lAαn+1s.
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B.2. Evolution equations for manifolds under the perturbed
ﬂow
In the following we deduce some evolution equations for geometric quantities of the
family of generating immersions ct (S
n) ⊂ Rm>0 evolving under the perturbed ﬂow:
∂
∂t
c (x, t) = H = H + λ (B.5a)
c (x, 0) = c0 (x) , (B.5b)
where λ = −1r
(
e⊥1
)
, H denotes the mean curvature vector and A the second fundamental
form of c. As above, ∇ refers to the induced connection on c. R is the Riemannian
curvature tensor of c with local expression Rklij =
〈
R
(
∂
∂xi
, ∂
∂xj
)
∂
∂xl
, ∂
∂xk
〉
.
Lemma B.1. For a n-dimensional generating immersion c, we have
|∇r|2 = 1− r2 |λ|2 , (B.6a)
∆r = −rHαλα, (B.6b)
∇lλα = −1
r
∂r
∂xl
λα −Aβml λβcαm +
1
r
∇mrAαlm. (B.6c)
Proof. Since ∇ir = δαβcαi (e1)β and e⊥1 = e1 −
(
δγβc
γ
i (e1)
β gijcαj
)
∂
∂yα , the norm of e
⊥
1
is given by
r2 |λ|2 =
∣∣∣e⊥1 ∣∣∣2 = ∣∣∣∣e1 −∇irgijcαj ∂∂yα
∣∣∣∣2 = |e1|2 − |∇r|2 .
This is the ﬁrst equation. The second equation follows easily since ∇ is a metric con-
nection, c is immersed in euclidean space and by deﬁnition of λ:
∆r = ∆ (〈c, e1〉) = 〈∆c, e1〉 = 〈H, e1〉 =
〈
H, e⊥1
〉
= −r 〈H,λ〉 .
The ﬁrst derivative of λ can be computed as follows
∇lλα = −1
r
∂r
∂xl
λα − 1
r
∇le⊥1 = −
1
r
∂r
∂xl
λα +
1
r
∇l (∇mrgmncαn)
= −1
r
∂r
∂xl
λα +
1
r
∇l∇mrcαm +
1
r
∇mrAαlm
= −1
r
∂r
∂xl
λα −Aβml λβcαm +
1
r
∇mrAαlm. (B.7)
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The second covariant derivative of λ is given by
∇k∇lλα =
(
1
r2
∂r
∂xk
∂r
∂xl
+Aβklλβ
)
λα − 1
r
∂r
∂xl
∇kλα −
(
∇kAβml λβ +Aβml ∇kλβ
)
cαm
−Aβml λβAαkm −
(
1
r2
∂r
∂xk
∂r
∂xm
+Aβkmλβ
)
Aαml +
1
r
∇mr∇kAαlm
=
(
2
r2
∂r
∂xk
∂r
∂xl
+Aβklλβ
)
λα
−
(
∇kAβml λβ −
1
r
∂r
∂xl
Aβmk λβ −
1
r
∂r
∂xk
Aβml λβ +
1
r
∂r
∂xn
Aβml A
n
βk
)
cαm
−Aβml λβAαkm −
(
1
r2
∂r
∂xk
∂r
∂xm
+Aβkmλβ
)
Aαml
− 1
r2
∂r
∂xl
∂r
∂xm
Aαmk +
1
r
∇mr∇kAαlm. (B.8)
Taking the trace gives
∆λα =
(
2
r2
|∇r|2 +Hβλβ
)
λα
−
(
∇mHβλβ − gkl 2
r
∂r
∂xl
Aβmk λβ + g
kl 1
r
∂r
∂xn
Aβml A
n
βk
)
cαm
− 2gklAβml λβAαkm − 2
1
r2
∂r
∂xn
∂r
∂xm
Aαmn +
1
r
∇mr∇mHα + 1
r
∇mrcαnRnm. (B.9)
For space curves this equations simplify to the stated equations in Lemma 3.1.
One easily gets
Lemma B.2. For a family of n dimensional manifolds Ct evolving under (B.5) we have
∂
∂t
r = 〈H + λ, e1〉 = ∆r − r |λ|2
∂
∂t
cαi = ∇i (Hα + λα) = ∆cαi −Rmi cαm +∇iλα,
∂
∂t
gij = −2Aαij (Hα + λα) =: −2 (aij + lij)
with aij := HαAαij and lij := A
α
ijλα.
By standard computations we derive the evolution equation for the second fundamen-
tal form and mean curvature vector. First we need
∂
∂t
Γkij =
1
2
gkl
(
∂
∂t
gil,j +
∂
∂t
gjl,i − gij,l
)
=
1
2
gkl
(
∇j ∂
∂t
gil +∇i ∂
∂t
gjl −∇l ∂
∂t
gij
)
= −
(
∇iakj +∇jaki −∇kaij
)
−
(
∇ilkj +∇jlki −∇klij
)
= −
(
∇iakj +∇jaki −∇kaij
)
−
(
Aαkj ∇iλα +Aαki ∇jλα −Aαij∇kλα
)
−∇kAαijλα.
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Let bij := A
αm
i Aαmj , then
∂
∂t
Aαij =∇i
∂
∂t
cαj − cαk
∂
∂t
Γkij = ∇i∇jHα +∇i∇jλα − cαk
∂
∂t
Γkij
=∆Aαij + 2A
αmnRminj −AαmiRmj −AαmjRmi +∇i∇jλα
+ cαk
(
∇ibkj +∇jbki −∇kbij +∇ilkj +∇jlki −∇klij
)
=∆Aαij + 2A
αmnRminj −AαmiRmj −AαmjRmi +
(
2
r2
∂r
∂xk
∂r
∂xl
+ lkl
)
λα
− lml Aαkm −
(
1
r2
∂r
∂xk
∂r
∂xm
+ lkm
)
Aαml +
1
r
∇mr∇kAαlm + tangential terms
and
∂
∂t
|A|2 =2Aαij ∂
∂t
Aαij + 2
∂
∂t
gijAαmi Aαim
=∆ |A|2 − 2 |∇iAαkl|2 + 4AijαAαmnRminj − 4bijRij + 2Aijα∇i∇jλα
+ 2
∂
∂t
gijAαmi Aαjm
=∆ |A|2 − 2 |∇iAαkl|2 + 4AijαAαmnRminj − 4bijRij + 2Aijα∇i∇jλα
+ 4aijAαmi Aαjm + 4A
βijλβA
αm
i Aαjm
=∆ |A|2 − 2 |∇iAαkl|2 + 4AijαAαmnRminj − 4bijRij + 2Aijα∇i∇jλα
+ 4aijbij + 4A
βijλβbij . (B.10)
From the evolution equation for the second fundamental form, we get for a n-dimensional
generating manifold
∂
∂t
Hα = gkl
∂
∂t
Aαkl +
∂
∂t
gklAαkl
=∆Hα + ∆λα + 2
(
akl + lkl
)
Aαkl + c
α
n
(
2∇mbnm −∇n |A|2 + 2∇mlnm −∇n
(
Hβλβ
))
(B.11)
and so
∂
∂t
|H|2 = ∆ |H|2 − 2 |∇H|2 + 2∆λαHα + 4aklakl + 4lklakl. (B.12)
After computing the ﬂow equation for V := e⊥1
∂
∂t
V α = ∆V α+2∇n∇mrAαmn −
1
r
∇nr∇mrAαmn +
1
r
|∇r|2 λα
+ cαm
(
2Rmn∇nr −∇mr |λ|2 +∇nrlnm − 2amn∇nr
)
,
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one deduces
∂
∂t
λα =∆λα + λα
(
|λ|2 − 3
r2
|∇r|2
)
− 2
r
∇n∇mrAαmn
+
3
r2
∇nr∇mrAαmn −
1
r
cαm
(
2Rmn∇nr −∇mr |λ|2 + 3∇nrlnm − 2amn∇nr
)
.
In the special case that n = 1, i. e. c is a curve, these two equations simplify to
∂
∂t
V α = ∆V α+2∆rHα − 1
r
|∇r|2Hα + 1
r
|∇r|2 λα
+ cαm
(
−∇mr |λ|2 +∇mrHαλα − 2 |H|2∇mr
)
and
∂
∂t
λα =∆λα + λα
(
|λ|2 − 3
r2
|∇r|2
)
− 2
r
∆rHα
+
3
r2
|∇r|2Hα − 1
r
cαm
(
−∇mr |λ|2 + 3∇mrHαλα − 2 |H|2∇mr
)
. (B.13)
B.3. Further evolutions equations for a space curve under
the perturbed ﬂow
In Lemma 4.15, the maximal total loss of the torsion is bounded on some small interval
of time and space. Therefore, it is necessary to compute the evolution equation of
τi = ∇iναBα away from where the curvature |H| vanishes.
Lemma B.3. The evolution equation for the unit normal and binormal vector ﬁeld of
space curves evolving under the perturbed ﬂow (3.5)
∂
∂t
να =∆να +Bατm
(
2
|H|∇
m |H|+ 1
r
∇mr
)
+ λα
(
1
|H|
2
r2
|∇r|2 + 〈ν, λ〉
)
+ να
(
|H|2 + |τ |2 − 〈ν, λ〉2 − 1|H|
2
r2
|∇r|2 〈ν, λ〉
)
+ cαm
(
− |H| 1
r
∇mr − 1
r
∇mr 〈ν, λ〉+ 2|H|
1
r
∇mr |λ|2
)
, (B.14)
∂
∂t
Bα =∆Bα + |τ |2Bα − 2cαmτm |H|+ cαmgmn
1
r
∇nr 〈B, λ〉
− να 〈B, λ〉
(
1
|H|
2
r2
|∇r|2 + 〈ν, λ〉
)
− νατm
(
2
|H|∇
m |H|+ 1
r
∇mr
)
.
(B.15)
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Proof. From (3.12) we get
2 |H| ∂
∂t
|H| = ∂
∂t
|H|2 =2 |H|∆ |H|+ 2 |∇ |H||2 − 2 |∇H|2 + 1
r
∇mr∇m |H|2
+ 2 〈H,λ〉
(
2
r2
|∇r|2 + 〈H,λ〉
)
+ 4 |H|2
(
|H|2 − 1
r
|∇r|2
)
=2 |H|∆ |H| − 2 |H|2
(
|H|2 + |τ |2
)
+
2
r
|H| ∇mr∇m |H|
+ 2 〈H,λ〉
(
2
r2
|∇r|2 + 〈H,λ〉
)
+ 4 |H|2
(
|H|2 − 1
r
|∇r|2
)
and hence
∂
∂t
|H| =∆ |H| − |H|
(
|H|2 + |τ |2
)
+
1
r
∇mr∇m |H|
+ 〈ν, λ〉
(
2
r2
|∇r|2 + 〈H,λ〉
)
+ 2 |H|
(
|H|2 − 1
r2
|∇r|2
)
= ∆ |H|+ 1
r
∇mr∇m |H|+ |H|
(
|H|2 − |τ |2 + 〈ν, λ〉2 − 2
r
|∇r|2
)
+
2
r2
|∇r|2 〈ν, λ〉
So with (3.11) we get
∂
∂t
να =
1
|H|
∂
∂t
Hα − 1|H|
∂
∂t
(|H|) να
=
1
|H|
(
|H|∆να + 2∇m |H| ∇mνα + να∆ |H|
+να
(
2 |H| |H|2 − |H| 2
r2
|∇r|2 + 1
r
∇mr∇m |H|
)
+λα
(
2
r2
|∇r|2 + |H| 〈ν, λ〉
)
+
1
r
∇mr |H| τmBα
+cαm
(
− |H|2 1
r
∇mr +∇m |H|2 −∇m |λ|2 + 1
r
∇mr 〈H,λ〉
))
− 1|H|
(
∆ |H|+ 1
r
∇mr∇m |H|+ 2
r2
|∇r|2 〈ν, λ〉
+ |H|
(
|H|2 − |τ |2 + 〈ν, λ〉2 − 2
r
|∇r|2
))
να.
The Frenet equations (3.13) and ∇m |λ|2 = 2r∇mr
(
〈H,λ〉 − |λ|2
)
imply
∂
∂t
να =∆να +Bατm
(
2
|H|∇
m |H|+ 1
r
∇mr
)
+ λα
(
1
|H|
2
r2
|∇r|2 + 〈ν, λ〉
)
+ να
(
|H|2 + |τ |2 − 〈ν, λ〉2 − 1|H|
2
r2
|∇r|2 〈ν, λ〉
)
+ cαm
(
− |H| 1
r
∇mr − 1
r
∇mr 〈ν, λ〉+ 2|H|
1
r
∇mr |λ|2
)
.
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Furthermore, with
∂
∂t
cαi = ∇iHα +∇iλα = ∆cαi −
1
r
∇irλα −Hβλβcαi +
1
r
∇irHα
and
∂
∂t
νανα = 0, ∇iνανα = 0, ∂
∂t
BαBα = 0, ∇iBαBα = 0,
one computes
∂
∂t
Bα =−Bβ ∂
∂t
cβmg
mncαn −Bβ
∂
∂t
νβνα
=− cαmgmnBβ
(
∆cβn −
1
r
∇nrλβ
)
− ναBβ
(
∆νβ + λβ
(
1
|H|
2
r2
|∇r|2 + 〈ν, λ〉
))
− νατm
(
2
|H|∇
m |H|+ 1
r
∇mr
)
.
Reordering and adding appropriate terms give
∂
∂t
Bα = ∆BβBβB
α + |∇B |2Bα︸ ︷︷ ︸
=0
−cαmgmnBβ∆cβn−2cαmgmn∇kBβ∇kcβn − 2cαmτm |H|︸ ︷︷ ︸
=0
− να∆νβBβ − 2να∇mνβ∇mBβ︸ ︷︷ ︸
=0
+cαmg
mn 1
r
∇nr 〈B, λ〉
− να 〈B, λ〉
(
1
|H|
2
r2
|∇r|2 + 〈ν, λ〉
)
− νατm
(
2
|H|∇
m |H|+ 1
r
∇mr
)
=∆Bα + |τ |2Bα − 2cαmτm |H|+ cαmgmn
1
r
∇nr 〈B, λ〉
− να 〈B, λ〉
(
1
|H|
2
r2
|∇r|2 + 〈ν, λ〉
)
− νατm
(
2
|H|∇
m |H|+ 1
r
∇mr
)
.
Lemma B.4. The evolution equation of the torsion is
∂
∂t
τi =∆τi +∇iτm
(
2
|H|∇
m |H|+ 1
r
∇mr
)
+ τm∇i
(
2
|H|∇
m |H|+ 1
r
∇mr
)
+ τi
(
|H|2 − 〈ν, λ〉2 − 1|H|
2
r2
|∇r|2 〈ν, λ〉+ 〈B, λ〉2
)
− 1
r
∇ir 〈B, λ〉
(
1
|H|
2
r2
|∇r|2 + 2 〈ν, λ〉
)
+ λαBα∇i
(
1
|H|
2
r2
|∇r|2
)
, (B.16)
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Proof. Since
∂
∂t
τi =
∂
∂t
(∇iνα)Bα +∇iνα ∂
∂t
Bα = ∇i
(
∂
∂t
να
)
Bα +∇iνα ∂
∂t
Bα
=∇i
(
∂
∂t
ναBα
)
− ∂
∂t
να∇iBα +∇iνα ∂
∂t
Bα
and
∆να = ∇m (− |H| cαm + τmBα) , να∆να = − |H|2 − |τ |2 ,
∆Bα = ∇m (−τmνα) , ∇iνα∆Bα = −τi
(
|τ |2 + |H|2
)
= −∆να∇iBα,
the evolution equation of the torsion form is given by
∂
∂t
τi =∇i
(
∆ναBα + τm
(
2
|H|∇
m |H|+ 1
r
∇mr
)
+ λαBα
(
1
|H|
2
r2
|∇r|2 + 〈ν, λ〉
))
+ τi
(
να∆ν
α + |H|2 + |τ |2 − 〈ν, λ〉2 − 1|H|
2
r2
|∇r|2 〈ν, λ〉
)
+ τiναλ
α
(
1
|H|
2
r2
|∇r|2 + 〈ν, λ〉
)
+∇iνα∆Bα
+ τi |τ |2 + 2τi |H|2 − |H| 1
r
∇ir 〈B, λ〉 .
Adding some appropriate zero terms leads to
∂
∂t
τi =∆τi − 2∇m∇iνα∇mBα +∆να∇iBα + τiνα∆να︸ ︷︷ ︸
=0
+∇iτm
(
2
|H|∇
m |H|+ 1
r
∇mr
)
+ τm∇i
(
2
|H|∇
m |H|+ 1
r
∇mr
)
− τiναλα
(
1
|H|
2
r2
|∇r|2 + 〈ν, λ〉
)
− 1
r
∇irλαBα
(
1
|H|
2
r2
|∇r|2 + 〈ν, λ〉+ |H|
)
+ λαBα∇i
(
1
|H|
2
r2
|∇r|2 + 〈ν, λ〉
)
+ τi
(
3 |H|2 + 2 |τ |2 − 〈ν, λ〉2 − 1|H|
2
r2
|∇r|2 〈ν, λ〉
)
+ τiναλ
α
(
1
|H|
2
r2
|∇r|2 + 〈ν, λ〉
)
,
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which simpliﬁes to
∂
∂t
τi =∆τi − 2τi
(
|H|2 + |τ |2
)
+∇iτm
(
2
|H|∇
m |H|+ 1
r
∇mr
)
+ τm∇i
(
2
|H|∇
m |H|+ 1
r
∇mr
)
+ τi
(
3 |H|2 + 2 |τ |2 − 〈ν, λ〉2 − 1|H|
2
r2
|∇r|2 〈ν, λ〉
)
− 1
r
∇irλαBα
(
1
|H|
2
r2
|∇r|2 + 〈ν, λ〉+ |H|
)
+ λαBα∇i
(
1
|H|
2
r2
|∇r|2 + 〈ν, λ〉
)
=∆τi +∇iτm
(
2
|H|∇
m |H|+ 1
r
∇mr
)
+ τm∇i
(
2
|H|∇
m |H|+ 1
r
∇mr
)
+ τi
(
|H|2 − 〈ν, λ〉2 − 1|H|
2
r2
|∇r|2 〈ν, λ〉+ 〈λ,B〉2
)
− 1
r
∇irλαBα
(
1
|H|
2
r2
|∇r|2 + 2 〈ν, λ〉
)
+ λαBα∇i
(
1
|H|
2
r2
|∇r|2
)
.
Hence, the evolution equation of the norm computes to
∂
∂t
|τ |2 =2τ i∆τi + 2τ i∇iτm
(
2
|H|∇
m |H|+ 1
r
∇mr
)
+ 2τ iτm∇i
(
2
|H|∇
m |H|+ 1
r
∇mr
)
− 2τ i 1
r
∇irλαBα
(
1
|H|
2
r2
|∇r|2 + 2 〈ν, λ〉
)
+ 2τ iλαBα∇i
(
1
|H|
2
r2
|∇r|2
)
+ 2 |τ |2
(
2 |H|2 − 〈ν, λ〉2 − 1|H|
2
r2
|∇r|2 〈ν, λ〉+ 〈λ,B〉2 +Hαλα
)
, (B.17)
where the term 2 |τ |2
(
|H|2 + 〈H,λ〉
)
comes from the derivation of the metric.
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arbitrary dimensional euclidean space
It is a straightforward calculation to generalize the results from Chapter 4 to surfaces
in arbitrary dimensional euclidean space Rm+1, m > 3. As in [44], the only diﬀerence
is, that there is not only one torsion form but (m− 2) many: τ1 , . . . , τm−2 .
Let ct : S
1 → Rm>0, m > 3, be any family of immersed curves evolving under the
perturbed mean curvature ﬂow (3.5):
∂
∂t
c = H + λ,
c (·, 0) = c0,
where H is the mean curvature vector of the curve ct and λ = −1re⊥1 . Then each ct
generates an immersed surface
Ft
(
S1 × S1) :={(c1 (x1) cosx2, c2 (x1) , . . . , cm (x1) , c1 (x1) sinx2) ∈ Rm+1;
x1, x2 ∈ S1}
such that the family (Ft) evolves under the mean curvature ﬂow.
In this section, it is explained that the property of becoming planar in the singularity
does not depend on the dimension of the surrounding space:
Lemma C.1. Let ct be a solution to the perturbed ﬂow which develops a singularity
away from the plane of rotation, i. e. r > r0 on the maximal time interval [0, T ). Then
the rescaled solutions converge along a subsequence of any essential blow-up sequence
(pn, tn) to a family of convex, planar curves c∞ moving by mean curvature ﬂow.
The proof is more or less the same as for curves in R3, and the diﬀerences are outlined
in the following.
Since the dilation-invariant estimates (cf. Proposition 4.5, Corollary 4.6) are also valid
in arbitrary dimension, these estimates imply the long-time existence of the solution as
long as the curvature and the perturbation term λ remain bounded (cf. Proposition 4.7).
The ﬁrst step is to bound the total loss of the curvature and the ﬁrst torsion form.
Therefore, assume that ct is a Frenet curve, i. e. all higher derivatives up to order m
∂cα
∂x1
∂
∂yα , . . . ,
∂mcα
∂x1m
∂
∂yα are linear independent. Then choose the unique Frenet frame
T,B0, B1, . . . , Bm−2 such that T is a unit tangent vector, T,B0, B1, . . . , Bm−2 is a posi-
tive oriented orthonormal Basis of Rm, and the orientation of T,B0, . . . , Bk is the same
as the one of ∂c
α
∂x1
∂
∂yα , . . . ,
∂kcα
∂(x1)k
∂
∂yα for all 0 6 k 6 m− 2. Let
τI+1 i := δαβ∇iBαI BβI+1 for i = 1, I = 0, . . . ,m− 3 (C.1)
be the Ith torsion 1-form. From now on, we will write ν instead of B0. For more details
and a proof of the following Lemma see for example [61].
Lemma C.2. For I = 0, . . . ,m− 2 the Frenet equations are:
∇icαj = |H| gijνα, ∇iνα = − |H| cαi + τ1 iBα1 , ∇iBαI = −τI−1 iBαI−1 + τI+1 iBαI+1,
(C.2)
where τm−1 = 0.
Lemma 3.6 implies that it suﬃces to control the loss of the curvature and the ﬁrst
torsion form and to show that the ﬁrst torsion form vanishes in the singularity. Whenever
c is a Frenet curve, the ﬁrst covariant derivatives of the tangent vector are given in terms
of the curvature and the torsion forms:∣∣∇icαj ∣∣ = |H|2 , (C.3a)
|∇k∇lcαi |2 = |∇ |H||2 + |H|4 + |H|2 |τ1 |2 (C.3b)
|∇j∇i∇kcαl |2 =
∣∣∣∇j∇i |H| − |H|3 − |H| τ1 iτ1 j∣∣∣2 + ∣∣∣3 |H| ∇j |H|∣∣∣2
+
∣∣∣2∇j |H| τ1 i + |H| ∇jτ1 i∣∣∣2 + |H|2 |τ1 |2 |τ2 |2 ,
|∇m∇j∇i∇kcαl |2 (C.3c)
=
∣∣∣3∇m∇j |H| τ1 i + 3∇j |H| ∇mτ1 i + |H| ∇j∇mτ1 i − |H|3 gijτ1m
− |H| τ1mτ1 iτ1 j − |H| τ1mτ2 iτ2 j
∣∣∣2
+
(
terms involving τ1 , τ2 , τ3 , |H| ,∇ |H| ,∇τ1 ,∇τ2 ,∇2 |H| ,∇3 |H|
)2
.
(C.3d)
As in Chapter 4, the summands can be bounded on small time intervals by using the
dilation-invariant estimates (cp. Corollary 4.8):
Corollary C.3. Let tn := t˜n + 14σMt˜n
for some t˜n ∈ [0, tn). Assume that ρMt 6Mtn
for all t 6 tn. Then there exist constants c˜1, . . . , c˜4 <∞, depending only on ρ, such that
for t ∈
[
tn, tn +
ρ
4σMtn
]
the following bounds are valid
|H|2 6 c˜1Mtn , |∇ |H||2 6 c˜2Mtn2, |H|2 |τ1 |2 6 c˜2Mtn2, |H|2 |τ1 |2 |τ2 |2 6 c˜3Mtn3,∣∣∣∇j∇i |H| − |H|3 gij − |H| τ1 iτ1 j∣∣∣2 6 c˜3Mtn3, |2∇j |H| τ1 i + |H| ∇jτ1 i|2 6 c˜3Mtn3,∣∣∣3∇m∇j |H| τ1 i + 3∇j |H| ∇mτ1 i + |H| ∇j∇mτ1 i − |H|3 gijτ1m
− |H| τ1mτ1 iτ1 j − |H| τ1mτ2 iτ2 j
∣∣∣2 6 c˜4Mtn4.
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Note, that we get bounds in terms of Ntn, if Ntn > 1r20 .
These estimates give control on the dissipation of the curvature |H| such that Lemma
4.12 is converted at its face value to curves in higher dimensional euclidean space.
Furthermore, the evolution equation of the ﬁrst torsion form given below implies that
its total loss is not too big, too, and a Lemma 4.15 is valid in this setting for τ1 .
The evolution equation of ∇iνα is (cf. (B.14))
∂
∂t
∇iνα = ∇i ∂
∂t
να
=∆∇iνα + λα
(
−1
r
∇ir +∇i
(
1
|H|
2
r2
|∇r|2 + νβλβ
))
− cαi
(
|H|3 + |H| |τ1 |2
)
+ cαm∇i
(
− |H| 1
r
∇mr − 1
r
∇mr 〈ν, λ〉+ 2|H|
1
r
∇mr |λ|2
)
+Bα1 τ1 i
(
|H|2 + |τ1 |2 − 〈ν, λ〉2 − 1|H|
2
r2
|∇r|2 νβλβ
)
+Bα1∇i
(
τ1m
(
2
|H|∇
m |H|+ 1
r
∇mr
))
+ terms in ν and B2.
Diﬀerentiating |τ1 |2 + |H|2 = gij∇iνα∇jνα give
∂
∂t
|τ1 |2 =2 ∂
∂t
(∇iνα) (− |H| cαi + τ1 iBα1 ) + 2(|H|2 + 〈H,λ〉)(|τ1 |2 + |H|2)− ∂∂t |H|2
=∆ |τ1 |2 + ∆ |H|2 − 2∇m∇iνα∇m∇iνα + 2 |H|4 + 2 |H|2 |τ1 |2
− 2 |H| ∇i
(
− |H| 1
r
∇ir − 1
r
∇ir 〈ν, λ〉+ 2|H|
1
r
∇ir |λ|2
)
+ 2 |τ1 |2
(
|H|2 + |τ1 |2 − 〈ν, λ〉2 − 1|H|
2
r2
|∇r|2 νβλβ
)
+ 2τ1 i∇i
(
τ1m
(
2
|H|∇
m |H|+ 1
r
∇mr
))
+ 2
(
|H|2 + 〈H,λ〉
)(
|τ1 |2 + |H|2
)
− ∂
∂t
|H|2 .
Using the equality |∇∇ν|2 = |∇ |H||2 + |∇τ1 |2 + |H|4 + |τ1 |4 + 2 |H|2 |τ1 |2 + |τ1 |2 |τ2 |2,
we get
∂
∂t
|τ1 |2 = ∆ |τ1 |2 + 2 |τ1 |2
(
2 |H|2 − |τ2 |2
)
+ 2τ1 i∇i
(
τ1m
(
2
|H|∇
m |H|+ 1
r
∇mr
))
− 2 |∇τ1 |2 + 2 |τ1 |2
(
〈H,λ〉 − 〈ν, λ〉2 − 1|H|
2
r2
|∇r|2 νβλβ
)
− ∂
∂t
|H|2 + ∆ |H|2 − 2 |∇ |H||2 + 2 |H|2
(
|H|2 − |τ1 |2
)
+
1
r
∇ir∇i |H|2
− 2 |H|2 1
r2
|∇r|2 − 2 |H| ∇i
(
−1
r
∇ir 〈ν, λ〉+ 2|H|
1
r
∇ir |λ|2
)
+ 2 |H|2 〈H,λ〉 .
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The evolution equation of |H|2 (cf. (3.12)) gives
∂
∂t
|τ1 |2 =∆ |τ1 |2 + 2 |τ1 |2
(
2 |H|2 − |τ2 |2
)
+ 2τ1 i∇i
(
τ1m
(
2
|H|∇
m |H|+ 1
r
∇mr
))
− 2 |∇τ1 |2 + 2 |τ1 |2
(
〈H,λ〉 − 〈ν, λ〉2 − 1|H|
2
r2
|∇r|2 νβλβ
)
+ 2 |H|2 1
r2
|∇r|2 − 2 |H| ∇i
(
−1
r
∇ir 〈ν, λ〉+ 2|H|
1
r
∇ir |λ|2
)
+ 2 〈H,λ〉
(
|H|2 − 〈H,λ〉 − 2
r2
|∇r|2
)
.
As mentioned above, it follows that the loss of |τ1 |2 in space and time is not too big and
Lemma 4.15 is valid for τ1 instead of τ . Therefore, the integral estimates (cf. Lemma
4.17 and the following corollaries) remain true when replacing τ by τ1 . These estimates
imply that along an essential blow-up sequence (pn, tn), the solution c becomes planar
in the singularity in the sense that
lim
n→∞
|τ1 |
|H| (pn, tn) = 0.
As for curves inR3, the solutions are now rescaled along an essential blow-up sequence
(cf. (4.23))
cn : S
1 × [−µ2nt2n, µ2n (T − tn))→ R3, cn (·, τ) := µn (c (·, t)− pn) , τ := µ2n (t− tn) ,
where µn := |H (pn, tn)| = |H (pn, tn) + λ (pn, tn)|. The dilation-invariant estimates
lead to the convergence of the rescaled solutions cn along a subsequence to a limit c∞
moving by mean curvature ﬂow (cf. Theorem 4.24). The ﬁrst torsion form τ1∞ of this
limit solution has to vanish identically (cp. Corollary 4.26). Now, Lemma C.1 follows
from Lemma 3.6.
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